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Abstract 
This report covers the testing and verification of the plate and shell element library of the 
Intergraph Finite Element Package, I/FEM and the subsequent use of this package for the 
modelling and analysis of the reverse duct of a jet unit currently in production by the Jet 
Division of C.W.F. Hamilton Ltd. 
The element testing and verification closely followed by the method used MacNeal 
and Harder and others, which involved testing the finite elements for every possible type 
of deformation, and then grading the performance of the clement as a result of these 
tests. The element with the highest overall grade, or the best performance in the types 
of deformation for which the element will be experiencing in the analysis, was selected for 
use in the following analysis. 
This analysis has been carried out with the aid of an Intergraph "2020" Workstation, 
running the Intergraph software products I/EMS, or Intergraph/Engineering Modelling 
System and I/FEM, or Intergraph/Fillite Element Modeller. 
A plate model of the Model 273 Reverse Duct was constructed from drawings supplied 
by C.W.F. Hamilton Ltd., and this model was then 'meshed' and after appropriate loads 
and boundary conditions had been applied, was analysed in I/FEM. The results generated 
being discussed in the text. A small modification to the plate element model was made at 
the request of C.W.F. Hamilton Ltd., and the model was re-analyzed, the results discussed 
in the penultimate chapter. 
Further directions for research are suggested in the concluding chapter, which may 
lead to experimental verification of the finite element model, and also to improved solution 
accuracy by a modification of the finite element modeL 
111 
iv 
Acknow ledgernents 
Many people have contributed both directly and indirectly to this research project. Par-
ticular thanks are given to the following people for their support and knowledge which has 
been shared: 
Dr. R.J. Astley for providing a professional viewpoint of finite element analysis, and 
for keeping this project along the straight and narrow, despite the troubles that have 
arisen whh various aspects of the research. 
Wayne Munro, Gavin Macaulay and Roger Stephen for their help with the various 
computer and finite element problems that they have been laden with throughout the 
past year. 
Phillip Smith, for his endless patience in setting up, modifying and rebuilding the 
various computer systems that have been used throughout this project. 
Keith Alexander at C.W.F. Hamilton Ltd. for making this project possible, and pro-
viding the technical data and drawings necessary for the finite element model and analysis. 
Gavin GrHfith-Jones and Hamish Coop for their help with some fluid mechanics aspects 
of the project, and for supplying useful information about the C.W.F. Hamilton Ltd. jet 
unit that has been analysed during the course of this research project. 
Dr A. Carr for the interesting, and very useful course on finite element analysis that 
is available in the Civil Engineering Department of the University of Canterbury. 
A special thanks to my parents for their support, and the other people who have also 
looked after me during this hectic year, especially the Turner and Vincent families. 
Thank you. 
v 
VI 
Contents 
1 Introduction 
2 Plate and Shell Finite Element Theory 
2.1 Introduction ...... . 
2.2 Historical Development 
2.3 A Brief Introduction to the Finite Element Method. 
2.3.1 Formulation of the Force-Displacement Relations . 
2.4 Plate and Shell Elements 
2.4.1 Plate Theory ... 
2.4.2 Kirchoff Plate Theory/Formulation . 
2.4.3 Mindlin Theory/Formulation . . '.' 
2.4.4 Discrete Kirchoff Theory /Fo'rmulation 
2.4.5 Shell theory .............. . 
2.5 Plate and Shell Elements AvaHable in I/FEM 
2.5.1 Low-Order Shell Elements. 
2.5.2 High-Order Shell elements. 
2.6 Element Formulations based on Modified Principles. 
3 Element Verification 
3.1 Introduction .... 
3.2 Errors in the Element Formulation .. 
3.3 Parameters that affect element accuracy 
3.4 Element verification method. 
3.5 The test problems 
3.5.1 Patch test . 
3.5.2 Straight cantilever beam. 
3.5.3 Curved beam ...... . 
vii 
1 
3 
3 
4 
6 
8 
14 
15 
15 
24 
29 
34 
39 
40 
41 
42 
47 
47 
48 
50 
50 
52 
52 
54 
54 
viii 
3.6 
3.7 
3.8 
3.5.4 Twisted beam. . . 
3.5.5 Rectangular plate 
3.5.6 Scordelis-IJo roof 
3.5.7 Spherical shell . 
3.5.8 Thick-walled cylinder 
Element Verification Results . 
3.6.1 Patch Test Results .. 
3.6.2 Straight Cantilever Beam Results . 
3.6.3 Curved Beam Results 
3.6.4 Twisted Beam Results 
3.6.5 Results for rectangular plate 
3.6.6 Results for Scordelis-IJo roof. 
3.6.7 Results for spherical shell .. 
3.6.8 Results for thick-walled cylinder 
Element Verification Results Summary 
Element Verification Conclusions ... 
4 Control Volume Theory for Analysis of the Reverse Duct. 
4.1 
4.2 
4.3 
Introduction ............... . 
Initial assumptions in the force analysis 
Force Analysis 
4.3.1 Derivation of concentrated forces at a point on the duct 
4.3.2 Derivation of a line of fluid force vectors around the duct 
4.3.3 Accuracy of the Control Volume Analysis. 
4.3.4 Derivation of Pressure IJoads. . . . . 
4.4 Conclusions-Control Volume Force Analysis 
CONTENTS 
56 
57 
58 
59 
59 
60 
60 
61 
62 
62 
63 
64 
68 
69 
70 
71 
75 
75 
76 
78 
78 
82 
84 
86 
86 
5 Finite Element Modelling and Analysis of the 273 Reverse Duct 89 
5.1 Introduction. 
5.2 Modelling .. 
5.3 Steps in the Analysis 
5.3.1 Existing design methods for waterjet reverse ducts .. 
5.3.2 The I/FEM Finite Element Program. 
5.3.3 Generation of a shell element model. 
5.3.4 Derivation of Forces .. 
5.3.5 Summary of IJoadcases. 
89 
89 
89 
89 
90 
91 
91 
93 
CONTENTS 
,5.4 Analysis results . . . . . . . . . . . . . . . . . . 
5.4.1 Loadcase One: Full Reverse, no steering 
5.4.2 Loadcase Two. . . . . . . . . . . . . . . 
5.4.3 Loadcase Three: Full Reverse, full steering 
5.4.4 Loadcase Fonr ............ . 
5.5 Limitations of the shell finite element model . 
5.5.1 Geometric Limitations of the Model 
5.5.2 Solution Accuracy 
5.6 Conclusions...... .. 
6 Additional Analysis of the Reverse Duct 
6.1 Introduction ..... 
6.2 Steps in the Analysis 
6.3 Results. . . . . . . . 
6.3.1 Loadcase One: Full reverse, no steering 
6.3.2 Loadcase Two: Full reverse, full steering. 
6.4 Conclusions..................... 
6.4.1 Effect of locally reinforcing the reverse duct 
7 Summary 
7.1 I/FEM Quadrilateral Shell Elements .. 
7.2 The Finite Element Analysis. 
7.3 Further Research Directions. 
7.3.1 Improving the Accuracy of the Finite Element ModeL 
7.3.2 Verifying the Finite E1ement Analysis Results. 
References 
Appendix 
A Element verification results 
A.1 Results for rectangular plate. 
A.2 Results for Scordelis-Lo roof. 
A.3 Results for spherical shell . . 
B Force Calculation Spreadsheet Printout 
ix 
94 
94 
95 
95 
96 
96 
96 
97 
97 
99 
99 
99 
· 101 
· 101 
· 101 
· 102 
· 102 
103 
· 103 
.103 
· 104 
· 104 
· 10,5 
107 
117 
.117 
· 122 
· 123 
125 
x 
C LM-6M Aluminium Properties 
D Plates from Initial Analysis of the Reverse Duct 
E Plates from Analysis of the Modified Reverse Duct 
F 273 Reverse Duct Neutral Files. 
CONTENTS 
129 
131 
149 
167 
List of Figures 
2.1 Elastic body under the influence of forces 
2.2 Differential plate element. . ....... . 
2.3 Deformation of a differential plate element: Kirchoff theory. 
2.4 Adinl, Clough, Melosh rectangular element. . ... 
2.5 The de Veubeke compatible quadrilateral element. 
2.6 The ideal triangulaI' element. 
2.7 HCT triangulaI' element .... 
2.8 Deformation of a differential plate element: Mindlin theory, 
2.9 Mindlin elements ....... . 
2.10 A Discrete Kirchoff Triangle. 
2.11 The Semi-Loof quadrilateral element. 
2.12 A facet shell element, formed by the 'combination of a plate bending element 
10 
16 
17 
19 
21 
22 
24 
25 
29 
31 
34 
and a membrane element. . ............ , . . . . . . . . . . . . . . 36 
2.13 Degeneration of a cubic isoparametric solid element to an eight-noded shell 
element .................... . 
2.14 Intergraph I/FEM plate and shell elements. 
3.1 Examples of spurious mechanisms. . . . . . 
3.2 Types of geometric distortion from a square plate. 
3.3 Patch test for plates. . . . . . . . . 
3.4 Straight cantilever beam testcases. 
3.5 Curved beam test case. . 
3.6 Twisted beam testcase. 
3.7 Rectangular plate test case. 
3.8 Scordel.is-Lo roof testcase. 
3.9 Spherical shell problem. . 
3.10 Thick-walled cylinder testcase. 
xi 
38 
39 
49 
51 
53 
55 
55 
56 
57 
58 
59 
60 
xu LIST OF FIGURES 
3.11 Results: Simply Supported plate under concentrated loading. .. 64 
3.12 Results: Simply supported plate under uniformly distributed loading. 65 
3.13 Results: Clamped plate under concentrated loading. .. 66 
3.14 Results: Clamped plate under uniformly distributed loading. 67 
3.15 ResuIts: Scordelis-Lo roof.. . 68 
3.16 Results: Hemispherical shelL 69 
4.1 Duct Design Angles. 76 
4.2 Coordinate System .. 77 
5.1 Shell element model of the 273 Reverse Duct. ........... 92 
6.1 Modified Shell element model of the 273 Reverse Duct .. 100 
D.l 273 Reverse Duct; Isometric view-Load case One: HVMTOP stresses 133 
D.2 273 Reverse Duct; Isometric view·· Loadcase One: HVMMID stresses 133 
D.3 273 Reverse Duct; Isometric view-Load case One: HVMBOT stresses 135 
DA 273 Reverse Duct; Isometric view-Loadcase Three: HVMTOP stresses 135 
D.5 273 Reverse Duct; Isometric view--Loadcase Three: HVMMID stresses 137 
D.G 273 Reverse Duct; Isometric view·-Loadcase Three: HVMBOT stresses 137 
D.7 273 Reverse Duct; Alternate Isometric view-Loadcase Three: HVMTOP 
stresses . . " .. .. . . . .. .. .. .. .. " .. .. .. " .. . . . .. . . . . ~." .. . . . . .. . . . 
D.8 273 Reverse Duct; Alternate Isometric view-Loadcase Three: HVMMID 
stresses 
D.9 273 Reverse Duct; Alternate Isometric view-Loadcase Three: HVMEOT 
stresses 
D.10 273 Reverse Duct; Rear View-Load case Three: HVMTOP stresses 
D.ll 273 Reverse Duct; Rear View-Loadca.se Three: HVMMID stresses 
D.12273 Reverse Duct; Rear View--Loadcase Three: HVMBOT stresses 
139 
139 
141 
1.41 
143 
143 
D.13 273 Reverse Duct; Cutaway rear view-Load case Three: HVMTOP stresses. 145 
D.14273 Reverse Duct; Cutawa.y rear view-Load case Three: HVMMID stresses. 145 
D.15273 Reverse Duct; Cutaway rea,r view-Loa.dcase Three: HVMEOT stresses 147 
D.16 Displaced shape of the 273 reverse duct-Loadcase Three . . . . . . . 147 
K1 273 Reverse Duct; Isometric view-Load case One: HVMTOP stresses 151 
E.2 273 Reverse Duct; Isometric view-Loadcase One: HVMMID stresses 151 
E.3 273 Reverse Duct; Isometric view-Loadcase One: HVMEOT stresses 153 
EA 273 Reverse Duct; Isometric view-Loadcase Three: HVMTOP stresses 153 
LIST OF FIGURES xiii 
E.5 273 Reverse Duct; Isometric view-Loadcase Three: HVMMID stresses . 155 
K6 273 Reverse Duct; Isometric view-Loadcase Three: HVMBOT stresses . 155 
K7 273 Reverse Duct; Alternate Isometric view--Loadcase Three: HVMTOP 
stresses · 157 
K8 273 Reverse Duct; Alternate Isometric view-Load case Three: HVMMID 
stresses 
· 157 
Kg 273 Reverse Duct; Alternate Isometric view-Loadcase Three: HVMBOT 
stresses · 159 
E.10 273 Reverse Duct; Rear View-Loadcase Three: HVMTOP stresses . 159 
KIl 273 Reverse Duct; Rear View-Loadcase Three: HVMMID stresses . 161 
E.12 273 Reverse Duct; Rear View-Loadcase Three: HVMBOT stresses . 161 
E.13 273 Reverse Duct; Cutaway rear view--Loadcase Three: HVMTOP stresses. 163 
E.14 273 Reverse Duct; Cutaway real' view-Load case Three: HVMMID stresses. 163 
E.15 273 Reverse Duct; Cutaway rear view-Loadcase Three: HVMBOT stresses 165 
K16 Displaced shape of the 273 reverse duct-Loadcase Three ........... 165 
xiv 
List of Tables 
2.1 Classification of finite element methods. . . . . . . . . . . . . . . . . . . . . 43 
3.1 Patch test geometry. . ..... 
3.2 Theoretical Solutions - Patch Test. 
3.3 Theoretical Solutions - Beam Testcases. 
3.4 Theoretical Solutions - Rectangular Plate Testcases. 
3.5 Theoretical Solution - Thick-Walled Cylinder Testcase. 
3.6 Results - Patch test. . .......... . 
3.7 Results - Straight cantilever beam testcases. 
3.8 Results - Curved beam testcase .. 
3.9 Results - Twisted beam testcase. 
3.10 Results: Thick-Walled Cylinder Testcase. 
3.11 Rules for assigning results grades .. 
3.12 Results summary. . . . . .. .. 
A.l Results - Simply supported rectangular plate: uniform load. 
A.2 Results - Simply supported rectangular plate: concentrated load. 
A.3 Results - Clamped supported rectangular plate: uniform load .. 
A.4 Results - Clamped support rectangular plate: concentrated load. 
A.5 Results - Scordelis-Lo roof testcase .. 
A.6 Results - Hemisphere testcase. . . . . 
B.l Spreadsheet printout - Loadcase One. 
B.2 Spreadsheet printout - Loadcase Three 
xv 
53 
54 
56 
57 
60 
61 
62 
63 
63 
70 
71 
72 
.118 
· 119 
.120 
· 121 
· 122 
· 123 
· 126 
· 127 
xvi 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
Notation 
MATHEMATICAL SYMBOLS 
[ ] Matrix 
[V Transpose of a matrix 
[]-1 Inverse of a matrix 
{} Column matrix 
{}T Row matrix 
LATIN SYMBOLS 
{a} Vector of parameters in assumed displacement field. 
A Cross-sectional area 
[B] Strain-displacement matrix 
Cijkl Elastic stiffness tensor 
d.o.f. Degree of freedom 
{d} Element degree of freedom matrix 
D Plate flexural rigidity 
[D] Elasticity matrix 
E Modulus of Elasticity 
{F} Element nodal force vector 
Prescribed body force tensor 
i, j, k Dummy subscripts 
I Moment of inertia 
[k] Element stiffness matrix 
[K] Global stiffness matrix 
xvii 
xviii NOTATION 
L Length 
Mx, lv'Iy , Mz Bending moments 
[N] Elemental interpolation matrix 
Q Volumetric flowrate 
Qx, Qy, Qz Direct stresses 
R Residual 
S Elasticity matrix 
Sijkl Elastic compliance tensor 
t Thickness 
T Element boundary traction 
t Prescribed Element boundary traction 
u Surface displacement vector 
u Prescribed displacement 
u, v, w Displacement components 
Ui Displacement tensor 
VI Initial velocity 
V2 Final velocity 
Vn or V n Region of element "n", (includes boundaries) 
x, y, z Cartesian coordinates 
GREEI{ SYMBOLS 
/J Set of parameters, (Hybrid Stress elements) 
8 Element degree of freedom matrix 
Ll Element displacement field 
€ 
Strain field 
e Strain field 
eijkl Strain tensor 
ean ez Normal strains 
TJ Duct efficiency factor 
1/ Poisson's ratio 
(J Vertical discharge angle 
e Modified vertical discharge angle 
NOTATION xix 
¢ Horizontal discharge angle 
IIp Potential energy functional 
p Density 
aijkl Stress tensor 
ax, ay, a z Normal stresses 
{a} Element stress matrix 
Tzx Shear stresses 
'Yxy, 'Yz::c Shear stl'ains 
Chapter 1 
Introduction 
This chapter serves as an introduction to both the masters project as undertaken, and 
to the content of this thesis. A more correct title for this thesis might be "IjFEM Plate 
and Shell Element Verification, and Use of these Elements in the Analysis of a Waterjet 
Component", as this was the directiol1 in which the studies have been pursued. 
The first major part of the research was involved with determining the formulation 
of the plate and shell elements, available in the IjFEM element library, which would be 
suitable for analysing the complex geometry of the reverse duct of a waterjet unit currently 
in production. Once the results of these tests had been tabulated an appropriate element, 
the QUD four~noded quadrilateral, was selected and subsequently used for the analysis 
of the reverse duct. 
A review of the roots of the finite element method is presented in chapter two, fonowed 
by a section on plate and shell finite elements. The reader is referred to several excellent 
texts for plate and finite element theory, where plate and finite element theory is covered 
more funy. 
The remainder of the chapter contains two main sections, the first dealing with the 
plate and shell elements available with the Intergraph IjFEM package. The final section 
describes alternative methods of formulating plate and shen elements that have been 
published in recent years, which would result in improved performance and accuracy of 
the IjFEM package. 
As finite element packages become more user~frlendly, the engineer, or technician, un-
dertaking an analysis may not wholly understand the errors that can very quickly arise. 
The main reasons for the testing and verification of the finite element libraries of com-
mercial packages are presented in Chapter Three, fonowed by the results and conclusions 
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from the verification of the plate and shell element library of l/FEM. 
Chapter Four deals with the analysis of a reverse duct from a C.W.F. Hamilton Model 
273 jet unit. Control volume theory is initially used to derive suitable forces and pressures 
to be applied to a model of the duct. 
The following chapter covers the modelling and analysis of the duct that was under-
taken at the Mechanical Engineering Department of the University of Canterbury on the 
lntergraph products, l/EMS and I/FEM. 
The reverse duct is analysed for two loadcases, which correspond to the worst loadings 
likely to be applied in service. The first load case is for an emergency, or "crash" stop from 
25 knots, while the waterjet is evenly distributed between the two halves of the reverse 
duct. The second loadcase is similar, except that the jet of water only flows through one 
side of the reverse duct, severely stressing one side of the duct. 
The results from the analysis are depicted in Appendix D, and the results are discussed 
in Chapter Five. 
At the request of C.W.F. Hamilton Ltd. the thicknesses in selected high stress areas 
of the duct were changed, and the duct was re--analysed. The effect of this local increase 
in duct thickness is commented upon in Chapter Six, with the plates from this analysis 
depicted ill Appendix E. 
Chapter Seven presents the conclusions that have been drawn from this course of study 
and recommends several directions of research that might be undertaken, based upon the 
work completed so far. 
Chapter 2 
Plate and Shell Finite Element 
Theory 
2.1 Introduction 
This chapter, and indeed thesis, assumes some prior knowledge of the finite element 
method, if this is not the case, then the reader is urged to read such excellent texts 
as Astley, [5], Burnett [15], Cook [22], Gallagher, [33] and Zienkiewicz [104] for a more 
in-depth derivation of the finite element method. 
This chapter is composed of four main pints. The first section deals with a history of 
the finite element method, with extensive references for those wishing to investigate the 
roots of the finite element method closely. The second section briefly outlines the steps 
that are taken in a typical analysis, and discusses the various methods that are used to 
formulate the force-displacement or stiffness relations. 
A brief review of plate bending theory is then presented, followed by the derivation of 
three of the main conventional (assumed-displacement) plate bending element types, the 
Kirchoff, Mindlin and Discrete Kirchoff plate bending elements. In each case a comment 
on a typical element formulation is given. 
Shell theory is given a cursory glance in the penultimate section, the reader desiring 
more detailed information is urged to consult several texts that have been used as references 
by the author. 
In the final section a brief explanation of the element formulations in I/FEM, (as far 
as the author can deduce), is given, followed by a comment on alternative element formu-
lations that are gaining more widespread use, as the inherent advantages, and superior 
accuracy of these methods becomes apparent. 
3 
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2.2 Historical Development 
The fundamental idea of the finite element method is the replacement of a continuous 
function by some piecewise approximation, generally polynomials. This can easily be 
seen in simple linear, elastic cases where a continuous displacement, or stress field across 
an object, whether a beam, a plate, or a solid is replaced with a series of piecewise 
approximations of these fields. 
This method in engineering has only really come of age in the last thirty or so years 
and is now perhaps one of the most useful tools that is readily available to an engineer. 
Structural engineering initiated the modern development of the finite element method. 
Since 1906 researchers have suggested a 'lattice analogy' in which a continuous problem 
was replaced by a regular pattern of elastic bars, the properties of the elastic bars chosen 
so as to give joint displacements of the same magnitude as those of the continuum. This 
a.nalogy between actual discrete elements) (eg. bars and beams), and the corresponding 
portions of a continuous solid was further developed by Hrennikoff, [43], (1941), McHenry 
[70], (1943), and also Newmark [77], (1949), as the 'Grillage Method' in the context of 
aircraft structural design. 
The commercial introduction of the 'high-speed' stored-program digital computer in 
the early 1950's further hastened the development of the finite element method, in that 
the now wel1-established methods of framework analysis could be reformulated into matrix 
format for efficient computation. 
Mathematically, the modern finite element method was first proposed in a 1941 lecture 
by Courant, published in 1943, [23], in which he used the principle of stationary potential 
energy and piecewise polynomial approximation over triangular sub-regions to study the 
Saint Venant torsion problem. Similar papers followed by Polya, (1952), and Weinberger, 
[101]' (1956). Greenstadt, [37], (1959), presented the idea of considering a continuous 
region as an assembly of several discrete parts, and making assumptions about the variables 
in each region; variational principles being used to find values for these variables. 
However, this early mathematical discretisation work was largely ignored by the engi-
neering profession until a more direct virtual work approach was developed independently 
by such persons as Argyris [2], (1960), and others, notably Turner et.aL [65J, (1956), who 
at the Boeing Aircraft Company, suggested that the skin of a delta wing might be mod-
elled by triangular plane stress elements. These works, published almost simultaneously, 
marked the beginning of the commercial use of finite elements. 
This was a conceptual breakthrough, as it made it possible to realistically model two-
and three-dimensional structures as an assembly of smaller two- and three-dimensional 
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pieces, ie. shells as an assembly of small shells, solids as an assembly of small solids. 
The term 'finite element' was actually first used by Clough, [21], (1960), in a paper 
describing applications in plane elasticity. Since then, developments have proceeded at 
a prodigious pace. A rigorous mathematical basis has been developed, starting with the 
publishing of a convergence proof and error bounds in applied mathematics literature 
by Birkhoff et.al., [32]' (1968), and Zlamal, [107], (1968). The first convergence proof 
in engineering literature was due to Melosh, [71] (1963), who utilised the principle of 
minimum potential energy. This was further extended as the solution of a problem using 
Reissner's variational principle by Jones, [58], (1964). A further advance was realised when 
it was seen that a finite element problem could be redefined as a weighted residual problem 
of some type, (Szabo and Lee 1969), [96], the Galerkin-Bubnov Method of Weighted 
Residual method being one of the more popular, and accurate, of these methods. Still later 
formulation methods have been developed, the "free-formulation" method espoused by 
Bergan, [11], being a particularly powerful method of developing a wide range of elements, 
based only upon the satisfaction of a "single-element patch test." 
The next obvious problem to consider after plane problems was that of plate bending, 
and here the researchers found some very real problems, the first attempts being less 
than successful at modelling problems. It was not until the problems of inter-element 
compatibility were solved by Bazeley et.al., [35], (1965), that these elements began to give 
reasonable results. 
Initially a major area of application of plate elements was as the bending part ora facet 
shell element in thin shell modelling, especially in the aerospace industry, and Clough and 
Johnson, [19], (1968), achieved some success. However modelling a surface using facet shell 
elements can cause problems, especially in the presence of pronounced curvature and it 
became clear that curved shell elements would be an improvement. The first shell element 
developed was an axisymmetric element by Grafton and Strome, [36], (1963), and these 
were followed by cylindrical and other shell elements by such persons as Gallagher [34], 
(1969). 
Shell elements are still being studied, and various formulations are still being developed 
in what is probably the most complex area of static linear analysis. 
Non-linear analysis is term used to cover one of the other main areas of on-going 
research in finite element analysis. 'Non-linear' covers a wide range of problems involving 
either non-linear geometry or materials with non-linear behaviour. Research has been 
undertaken in geometrically non-linear problems, ie. in which strains are small, but the 
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displacements are large, since 1960, (Turner et.a.1., [64]), and in problems involving non-
linear materials and material properties, since the early 1960's. Gallagher et.al., [90] , 
(1962), studied plasticity, and Zienkiewicz et.al., [79], (1968) researched visco-elasticity .. 
Apart from the static problems discussed above, dynamic problems have, and are, 
being investigated, and the concept of the 'Consistent Mass Matrix' was introduced by 
Archer, [1], in 1963. Problems involving vibration and transients were also considered in 
this period, (Zienkiewicz et.al. [78], 1966, and Koenig and Davids [60], 1969, respectively). 
Recent developments in finite element analysis have extended the applicability of the 
method to model coupled systems of various types, [106], for example the interaction at 
a fluid-structure boundary or the coupling between various domains such as in metal 
extrusion between the plastic flow and temperature domains and in soil-fluid interactions 
such as seepage through a earth dam. In such analyses Bettess and Zienkiewicz developed 
"infinite" elements, [13], to successfully model the decay behaviour at the boundaries of 
the problem domain which may, for the purposes of the analysis continue on to infinity. 
This special type of element has been extended to produce the "mapped infinite element" 
by researchers, P. Bettess being a prominent name. Astley, [6], recently published works 
in which a new form of infinite element, the "wave envelope element" has been derived, 
with excellent results being produced for many problems, especially in acoustics. 
Fluid dynamics is another field in which finite element analysis has come of age and 
is now a major competitor to finite difference methods in the analysis of fluid flows, both 
incompressible and compressible, Oden, [81], being one of the primary researchers in the 
development of this branch of finite element analysis. 
Still other element types have, and are being developed which have been neglected in 
this discussion, the boundaries of this very powerful method constantly expanding all the 
time. 
2.3 A Brief Introduction to the Finite Element Method 
As can be deduced from the previous section, the finite element method today covers a 
wide range of engineering problems, from linear to non-linear, static to dynamic, fluids to 
solids and so on. As linear static finite elements were the only type of elements used in 
the analysis, attention will be restricted to this type. 
When the finite element method was being established in the early 1960's, it was first 
used as a direct stiffness method, (as opposed to a flexIbility method). However, when 
plate and shell analysis began to dominate research, several other methods came to the 
fore. In general these other methods employed a variational principle of some type, the 
2 . .3. A Brief Introduction to the Finite Element Method 7 
principle of minimum potential energy predominating, however other principles have been, 
and stili are used as the basis of some successful (accurate) elements. 
Linear static analysis based upon variational methods can be divided into specific 
groups, depending on the assumptions that are made about the field variables of the 
governing variational equation, or indeed which variational equation that the clement 
is based upon. Most of the elements that are discussed in this thesis are compatible-
displacement type models, which are based upon an assumed displacement field both 
within the element and a.round the element boundary. These are derived from the principle 
of minimum potential energy. 
Hybrid models are based upon some relaxation of the continuity requirements of the 
governing variational principle, allowing independent field variables within the element and 
along the boundary. An example of this type of element is the "Hybrid-stress" element, 
which is based upon a relaxation of the principle of minimum complementary energy, with 
an independent assumption of stresses within the element, and boundary displacements 
along the element boundaries. 
Other types of element models include "Equilibrium" models, which are based upon 
an assumed stress field of some type, or prescribed displacements and an assumed equili-
brating stress field. (There are two type of Equilibrium finite element models, the latter 
being similar to the above mentioned Hybrid-stress element). 
"Mixed" models are based on the Hellinger-Reissner variational principle, and have 
displacements, prescribed boundary displacements and surface tractions as field variables. 
Some of these alternative formulations are given a brief explanation at the dose of 
this chapter, however most of these methods are not commonly used in commercial finite 
element packages 
A Finite Element Analysis. TIle following is a brief list of the steps whiclt must be 
undertaken, to complete a simple linear static finite element analysis of some structure or 
continuum object. 
1. Subdivide the continuum (or structure) into a finite number of discrete elements. 
2. Formulate the element properties, for example the field variables that the element 
is approximating must be piecewise continuous throughout the continuum, and also 
possess derivatives that are piecewise continuous throughout the continuum. (This 
second requirement can, and does, cause considerable troubles when formulating a 
compatible displacement-based plate element). 
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3. Assemble the elements to form a finite element model of the structure. 
4. Apply loads to the model. 
5. Specify the boundary conditions on the model. 
6. Solve for the nodal (d.o.f.) displacements. 
7. Extract the strains and stresses from the displacements. 
Steps 1-3 can be collectively called the formation of the global stiffness equation, or 
the force-displacement relation. In linear elastic analysis these steps involve the most 
theoretical problems. In a simplistic sense, once this global stiffness equation has been 
formed, all that remains is for the equation to be solved using matrix manipulations, 
therefore formation of this relation is the main area which will be considered in this 
chapter. 
2.3.1 Formulation of the Force-Displacement Relations 
There are three main methods of formulating the force-displacement relations, these 
methods being; the Direct Stiffness Method, the Variational Method and the method 
of Weighted Residuals. The differences between these methods, and the advantages or 
otherwise, are briefly outlined in the following sections. 
Direct Stiffness Method 
The direct stiffness method is useful for illustrating the finite element method, as it pro-
vides a simple linkage between the real structure, material properties and relationships 
and the finite element method. However, use of the direct stiffness method is limited, as 
it is difficult, or impossible, to apply to complex elements and shapes. The following sec-
tion shows the formation of the finite element stiffness equations using the direct stiffness 
method. 
The direct stiffness method of formulation accomplishes the formulation of the ele-
ment relationships by the direct combination of the three equations of linear elasticity; 
the equations of equilibrium, the strain-displacement relationships and the constitutive 
relationships. 
1) The element displacement field, {'U}, is expressed in terms of a finite number of 
parameters, {a}, preferably the element joint (node) degrees offreedom, {d}, by means of 
an interpolation matrix, [N]. 
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{u} = [N]{d} (2.1) 
2) The strain field, if}, is expressed in terms ofthe d.o.f. {d} by differentiation ofthe 
displacement field in accordance with the strain-displacement equations of elasticity, for 
example £ = ~~ and so on. The strain field is defined as: 
{£} = [B]{d} (2.2) 
where [B] is the strain-displacement matrix. 
The stresses may then be related to the strains by the use of an elasticity matrix, [D], 
as follows 
{a} = [D]{£} (2.3) 
3) The constitutive law, a = E £, is introduced to establish the relationship between 
the stress field, {a}, and the d.o.f. {d}. 
{a} = [D][B]{d} (2.4) 
4) Equations that describe the element joint forces, {f}, as functions of the stress field, 
{a}, are constructed by defining these forces as the statical equivalents of the stresses 
acting along the element boundaries. Since equations for {a} are available in terms of {d} 
(Eq. 2.4), it is now possible to relate if} to {d}, with an element stiffness matrix, [k]. 
[k]{ d} = {f} (2.5) 
5) Assembly - The equations for a series of elements joined at common points (nodes) 
can now be combined into one large matrix stiffness equation. 
[K]{d} = {F} (2.6) 
Variational Methods 
The variational method of solution, for finite element problems, ie. minimisation of some 
energy expression is probably the most commonly used method available in software today. 
This method has the advantage of being simple and, for problems that can be described 
by a minimisation expression, it generally provides accurate results. 
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Figure 2.1: Elastic body under the influence of forces 
Consider the ela,stic body shown in figure 2.1, which is under the influence of body 
forces, prescribed displacements and applied surface tractions. 
Now the equations of linear elasticity that apply to this situation are, in matrix nota-
tion; 
1. The stress equilibrium equations 
aa x orXY arXZ F - 0 
ax + ay + az + x - , (2.7) 
(The other 2 eq nations being found by cyclic rotation of the subscripts). 
2. The stress-strain relationship 
{a} [E] {c} 
or 
{c} (2.8) 
where [E] is the constitutive matrix. 
3. The strain-displacement relationship 
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(2.9) 
N ow to solve this system, one must take into account all the prescribed surface trac-
tions, body forces and displacements. 
A simple way of achieving this is to re-formulate the equations of linear elasticity into 
a "Variational Formulation". 
There are three main variational theorems, the principle of minimum potential energy, 
the principle of minimum complementary energy and the Hellinger-Reissner's variational 
theorem, each leading towards the formulation of a particular type of finite element. The 
only variational principle that will be discussed in this section is the principle of minimum 
potential energy, which can be derived from the principle of virtual displacements. 
In the principle of minimum potential energy, the only field variables are the displace-
ments, which must be continuous within the domain being considered. 
The principle of virtual work states that the total potential energy of the system can 
be expressed as the sum of the strain energy, (U), and the potential of the applied loads, 
(V), or 
IIp = U + V (2.10) 
The principle of minimum potential energy states that of all displacements of admis-
sible form, those which make the potential energy assume a stationary value, satisfy the 
equilibrium conditions. Thus 
aIIp = au + av = 0 (2.11) 
Now the strain energy of an elastic body, neglecting initial strains, is defined as 
u = ~ i {E; f { (j} dV (2.12) 
and the potential of the applied loads as 
V = - [ {uf{b}dV - [{uf{t}dS iv is (2.13) 
These two expressions are then combined to give the expression for potential energy: 
(2.14) 
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in which the displacement field is 
{u} = {1l,V,W}T (2.15) 
the strain field 
(2.16) 
the stress Held 
(2.17) 
the body forces 
(2.18) 
the boundary tractions 
(2.19) 
Now the displacement field can be described in terms of the nodal values, {d}, by 
means of the interpolation or shape functions, [N]. 
Thus 
{n} = [N]{d}, (2.20) 
and the strain field, {£}, is described as 
{£} = [B]{d}, (2.21) 
where [B] is the strain-displacement matrix. The stress may be related to the strains 
by the use of an elasticity matrix, [DJ, a.s follows: 
{o-} = [D]{£}. (2.22) 
The governing FE equations are obtained by minimizing the potential energy to obtain 
the glolml system of equilibrium equations: 
where 
[K]{ d} - {F} o 
[K] = f [B]T [D:I [B] £111 iv 
{F} = J)Nf {b} dll + J)Nf {t} dS 
(2.23) 
(2.24) 
(2.25) 
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Method of Weighted Residuals 
The method of weighted residuals is, in comparison to the direct method of stiffness 
formulation and even the variational method, of virtually unlimited scope and appears to 
possess advantages absent from alternative approaches. 
A proviso of the variational method of formulation of the force-displacement relationR 
is that the problem must be able to be described by a minimisation expression. This is a 
major advantage of the method of weighted residuals, in which almost all problems can 
be solved, irrespective of whether or not they are applicable to a minimisation problem. 
Therefore, for certain classes of nonlinear problems the method of weighted residu-
als may be employed to produce relationships that cannot be obtained with the URe of 
conventional variational principles. 
Burnett [15J solely uses this method in his text on finite element analysis, and the 
reader is urged to refer to this for a more thorough explanation of this method. 
To solve a problem using the method of weighted residuals, one presumes that a trial 
function of some type, which is chosen to approximate the independent variable in a prob-
lem of mathematical phYflics, will not, in general, satisfy the governing differential equa-
tion. Therefore, substitution of the trial function into the governing differential equation 
will result in a residual, denoted here by R. 
To obtain the best solution, it is required to minimise the integral of these residuals 
throughout the problem domain, V, or 
i R . dV = minimum (2.26) 
It is possible to increase the range of possibilities of solution by requmng that a 
weighted value of the residual be a minimum throughout the domain. This means that the 
weighted integra.l of the residuals can achieve a value of zero. Therefore the more general 
form of the above equation becomes 
i R·ljJdV= 0, (2.27) 
where ljJ is a weighting function. 
This is the general statement of the Method of Weighted Residuals. 
Now there are several methods of choosing the weighting functions, the most popular 
method being the Bubnov-Galerkin, or simply Galerkin method, which yields equations 
identical to those obtained by the variationa.l methods of the previous section. 
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In this method, the weighting functions, ¢i, are chosen to be the coefficients, or shape 
functions, Ni, of the general coordinates, u. Therefore the statement of the Galerkin 
method of weighted residuals is 
iN, L (u) dV = 0, where i = 1,2 .... n (2.28) 
and this gives rise to n equations. This equation deals only with points within the 
problem domain, and therefore does not include the effect of boundary conditions. To 
produce these boundary conditions, one applies integration by parts to the above equation, 
yielding integrals both inside and on the domain. 
2.4 Plate and Shell Elements 
Extensive efforts have been devoted to the formulation of plate bending elements. The 
requirements of an adequate formulation are often difficult to meet, and for this reason an 
exceptionally wide variety of alternative formulations have been proposed, for example, 
Ref [42] lists 88 different plate and shell elements, and 154 references in 1984. 
One reason why there is so much difficulty In the formulation of these elements is 
that the flexure of plates is governed by a fourth-order differential equation, rather than 
a second-order equation, as is the case in plane stress, plane strain and three-dimensional 
analysis. Another reason for the difficulty in the analysis of plates and shells is that the 
thickness of the plate is, in most cases, much less than the other characteristic dimensions 
of the plate, similarly for the element. This can lead to numerical difficulties in the analysis 
of the stiffness equations of the plate. 
A distinction is made here between plates and shells. A plate is taken to be a bending 
element, neglecting membrane or in-plane effects. 
Shell elements are taken to be (generally) curved elements which include membrane 
effects, with either singly- or doubly-curved geometry, the different element topology 
giving rise to corresponding differences in the formulation, in which the membrane and 
bending actions of the shell are coupled. In shell elements, a bending element and a 
membrane element can be combined to give the element. However, if only one of these 
effects is required for a particular problem, they can be used separately, to give a particular 
bending or membrane element. 
In the following section a brief review of the basic equations of current plate the-
ory are presented, which should help the reader to appreciate the problems that beset 
programmers and analysts with regards to plate and shell elements. 
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2.4.1 Plate Theory 
The theory of the deformation of thin plates is well-covered in many texts, the book of 
Timoshenko and Woinowsky-Krieger, [100], being particularly good. 
Three major types of plate theory are briefly summarized and discussed in this chapter, 
these being: 
1. Kirchoff plate theory, 
2. Mindlin-Reissner theory and 
3. Discrete Kirchoff theory. 
The theory is followed through to the development of an appropriate expression for 
the strain energy of an element. This expression can then be substituted, together with 
an expression for the potential energy of the applied loads to the system, into an appro-
priate potential energy expression and solved by minimisation with respect to the nodal 
displacements of the system, (the variational method). 
These types of plate theory are each illustrated with an applicable finite element for-
mulation. Several alternative element formulations are briefly mentioned at the conclusion 
ofthis chapter, to show some ofthe ingenuity that has been used to produce more accurate 
plate elements. These elements having been greeted with varying degrees of acceptance 
by commercial finite element program teams or producers, generally depending on the 
compatibility with existing finite element codes. 
2.4.2 Kirchoff Plate Theory/Formulation 
Kirchoff theory is the simplest form of plate flexure theory applicable to thin plates, in 
which transverse shear defonnation is neglected by the imposition of the condition that 
the angular displacement of a normal to the middle surface equals the slope of the middle 
surface. Indeed it can be shown that the simplicity ofthis theory does cause many problems 
for the development of accurate, compatible plate-bending elements. The requirements 
for a compatible element were stated in 1965, in a paper by Irons and Draper, [49], and 
were summarised as: 
1. It must be possible to represent element rigid body motions in order to meet equi-
librium conditions, 
2. It must be possible to represent states of constant stress in order to guarantee con-
vergence with mesh refinement, and 
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Figure 2.2: DiITerential plate element. 
3. There must be no discontinuities in either slope or displacement between elements, 
or else the structure will incorrectly deform and lose the bounded nature of the 
so.lution. 
This causes no small problem as can be seen in the description of various Kirchoff 
elements at the end of this su b-section, in fact, in order to meet the Kirchoff requirements, 
an assumed-displacement element must specify more than just the displacement, w, and 
the nodal rotations, Ox and Oy, at two nodes per edge, but also the derivative of the 
rotations in order to adequately meet the third requirement. 
Firstly however, the basic Kirchoff theory will be reviewed. 
Consider a differential (rectangular) element of a thin' flat plate, of thickness t, as 
portrayed in figure 2.2. A state of plane stress exists in the plate, (a z = IXZ = IYz = 0) and 
in accordance with the usual assumptions of thin plate flexure the normal stresses, (ax, a y) 
vary linearly (with z) across the thickness and are associated with bending moments Mx 
and My. Shear stress Txy also varies linearly with z and is associated with the twisting 
moments, Mxy per unit length. The positive sense of these moments is as shown in the 
figure. 
Deformations 
The deformation of a plate differential element under Kirchoff theory obeys several simple 
rules. 
1. Deflections are small. 
2. Points on the midsurface, (z = 0), move in only the z direction as the plate is bent. 
3. Lines straight and perpendicular to the midplane remain so after deformation. 
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Figure 2.3: Deformation of a differential plate element: KirdlOf£ tlleory. 
With reference to figure 2.3, the displacement of a point, P, (not on the midplane), 
can be described by the equations: 
U -zw
,X 
v = -zw,y (2.29) 
And the strain-displacement equations are; 
V
,y 
} { 
-ZW,XX } 
= -zw -2Z~~:y (2.30) 
U
,X 
U ,X + v,Y 
Now the stress-strain equations for a linear homogeneous, isotropic material neglecting 
initial strains are: 
(2.31) 
Integration of the stresses across the thickness yields bending moments, Mx, My and 
Mxy and transverse shear forces Qx, Qy as shown in the following equations. 
]
t/2 
Mx:::: uxzdz My 
-t/2 ]
t/2 ]t/2 
= uyzdz MX!J = 'Txyzdz 
-t/2 -t/2 
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I
t/2 It/2 Q.1: = Tzxdz Qy = 'Tyzdz 
-t/2 -t/2 
(2.32) 
It should be noted that the above expressions are moments per unit length and forces 
per unit length. When these expressions are integrated across the thickness of the plate, 
the total differential moments, and shears, are given by Mxdy, (Txdy 
Stresses can also be calculated to be 
Moment-Curvature Relationships 
MyZ (T ---
Y - t 3 /12 
(2.33) 
Su bstitution of the stress-strain relations into the a,bove equations gives the relationship 
between the moments and curvatures. 
{ :: } [v: v: ~ 1 { =:~:: } OT {M} = [DJ{]{~} (2.34) 
Mxy 0 0 (1 - v)D /2 -2w,xy 
where the flexural rigidity of the plate, D = (Et3)/(12(I - v 2 )), E is Young's Modulus, 
t the thickness and v Poisson's Ratio. 
Kirchoff Element Stiffness Matrix 
The element stiffness matrix for a Kirchoff finite element is formulated using the following 
general formulae: 
u = { ~{E:}T[E]{E:}dV Jv 2 
where {E:}T = {-zw,xx - ZW,yy - 2zw,xy}' 
(2.35) 
For a rectangular plate element, with edges parallel to the x- and y-axis, this becomes 
(2.36) 
where {~}T = {w,xx W,yy 2w,xy} 
The midplane displacement is expressed in terms of the nodal d.o.f., {d}: 
2.4. Pla.t,e a,nd Shell Elements 19 
z, w 
1 4 
/-------".'''------- y, V 
x, u 
Figure 2.4: Adini, Clough, Melosh rectangular element. 
{W} = [N]{d} (2.37) 
where {d} = {WI W,xl W,yl'" Wn W,nl W,nl}T for an ll-noded Kirchoff element. 
This then being differentiated to yield the curvatures, {K} = [B]{d}. Substitution of 
this relation into the formulae for strain energy, then gives the element stiffness matrix, 
[k] 
u = ~{df[k]{d} (2.38) 
Examples of Kirchoff Element Formulations 
This section is divided into two logical parts, the first dealing with rectangular elements 
and the second dealing with triangular elements. Within each part there is a further 
subdivision, with "single field" formulations being considered first, and then the slightly 
more involved subdomain formulations. 
Rectangular single field formulations. One of the first successful Kirchoff plate 
elements was the Adini, Clough Melosh rectangle, or ACM rectangle, (see figure 2.4). 
This element was derived using an single interpolation field of the type 
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(2.39) 
and had for the d.o.f. w, w,x and W,y at each vertex. 
This element, although successful, did have a problem in that the normal slope along 
the midsides of the rectangle was non-continuous, (slope continuity being enforced at 
the corners of the element), therefore the element was non-conforming. This was not a 
serious fault, as it has been shown that, similar to the BCIZI triangle mentioned later in 
this section, the completeness of the element interpolation field guaranteed convergence, 
[53], although not monotomic convergence and indeed, the element possessed very good 
accuracy in almost all plate-bending problems. 
Other elements utilising alternative interpolation fields have been devised, which meet 
inter--element compatibility requirements. An example of one such successful element is the 
16 d.o.f. Bogner, Fox, Schmidt rectangular plate element, [27], which has a translational, 
(w), two rotational, (-w,x, W,y) and a "twist" degree of freedom, (w,Xy), at each vertex. 
Rectangular sub domain formulations. Among the more wen known of the quadrilat-
eral plate elements is that depicted in figure 2.5, the so-calJed "de Veubeke" quadrilateral, 
[29], in which the element is formed by dividing the rectangle into four subtriangles. The 
degrees of freedom within each subtriangle are the displacements and rotations at each 
vertex, as well as a normal rotation d.o.r. on the midside of-each outer edge. This element 
is utilised in the latest version of the PC finite element program, ALGOR. 
Similar to the de Veubeke quadrilateral is the Q19 element developed by Clough and 
Felippa, [18], which is formed from four subtriangles, which are themselves formed of three 
subtriangles. The element is called a Q-19 because the Quadrilateral has 19 basic degrees 
offreedom, the seven internal degrees offreedom being eliminated by a static condensation 
process prior to assembly into a complete structure. The result is a 12 d.o.r. quadrilateral, 
with a translation and two rotations specified at each vertex, with linear variation of 
normal slopes along the exterior edges, therefore ensuring inter-element compatibility. 
Triangular single field formulations. Triangles, as opposed to rectangles, created 
more difficulties in the search for a fuIly compatible plate bending element. The inter-
polation field of the element must be able to fully express all the necessary deformation 
patterns of the element. When one considers the ideal simple three-noded triangular ele-
ment, as depicted in figure 2.6 it has nine d.o.f., three at each vertex, these being w, w,x and 
W,y, and therefore requires nine terms in the interpolating polynomial function. However, 
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Figure 2.5: The de Veubeke compatible quadrilateral element, 
from the Pascal's triangle a complete polynomial contains either 6 terms, (quadratic), or 
10 terms, (cubic). Therefore for a fully~compatible three~noded triangle, this means that 
ten terms must be utilised, or some arbitrary adjustment must be used to make do with 
an interpolation field· of nine terms. 
Several formulation methods were tried for 'single field' displacement-based elements 
with nodal degrees of freedom similar to the element depicted in figure 2.6, where the 
. interpolating polynomial function covers the total area of the element. 
One of the initial approaches involved modifying the interpolation field by removing a 
term, ("A" element of Adini, 1961). The term removed was the xy term, and this was not 
acceptable, as it removed a constant strain shape from the available deformation fields, 
which were therefore 
(2.40) 
Because of the lack of this constant strain shape it could not be guaranteed that the 
element would converge to the correct solution. The next 'fix' tried was combining two 
polynomial terms, to create a (x2y + xy2) term, ("T" element of Tocher, 1962). The 
deformation field being 
(2.41) 
This Was also unacceptable, as it would, for some element shapes, cause a singular local-
global coordinate transformation matrix, [AJ in the relation {d} = [AJ{ a}. 
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Figure 2.6: The ideal triangular element. 
Another approach tried by Tocher, 1962, was that of a four-lloded triangle, the '1'-10, 
with three nodes at the vertices of the triangle, and a fourth node at the centre of the 
element, which had the out--of-plane displacement, w, as a degree of freedom, (similar 
to figure 2.6, with an extra node). This element was not acceptable, as it violated the 
inter-element angular displa,cement continuity requirement:;; and the results from even 
elementary testcases were very poor. 
These, and similar elements derived around this time, all behaved poorly due to either 
incompleteness of the interpolation polynomial, incompatibility (as above), lack of invari-
ance with regard to element orientation or singularity. It was then rea.lised that it was 
impossible to form a completely acceptable assumed-displacement plate bending element 
with 9 degrees of freedom. 
It is interesting to note at this poiut a closely related element, the nCIZl triangle, 
mentioned in a paper by Ba,zeley et.al., [35], which is formed using rational functions in 
area coordinates and has nine degrees of freedom. This element, whilst being an incom-
patible element and failing the patch test for a general mesh of elements, provides results 
of acceptable quality or accuracy, in [act better than the results generated by a much 
more complicated compatible element mentioned in the same pa,per, which utilised both 
polynomial and rational shape functions in area coordinates. This complicated compati-
ble was later modified by smoothing the derivatives of the shape functions, to create the 
"A-9" element of Razzaque, [89], which gave similar results to the BCIZI triangle in test 
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problems. (Other elements have also been formulated using this "smoothing" of element 
functions, for example - least squares smoothing was applied to shear terms in the strain 
matrix which suffer from spurious effects in an eight-noded serendipity plane stress ele-
ment in Ref. [55], resulting in elimination ofthe spurious modes which normally afflict this 
element). The BCIZI triangle has also been recently reformulated with modified shape 
functions, [95], based upon a relaxed C1-continuity requirement called the "interpolation 
test", the resulting element passing the patch test and providing good numerical results 
in several testcases. 
In search of compatible displacement elements, the number of d.o.f. can be expanded, 
until the number of d.o.f and the complete number of terms in the interpolating polynomial 
coincide, however this does not happen until the polynomial contains 21 terms, a quintic 
polynomial. 
A point which must be considered here is that when does the computational effort 
expended in creating a fully compatible acceptable element become uneconomic, when 
other simpler elements, (ie. the BCIZI triangle), will provide results of a.pproximately 
the same accuracy. In fad it has been noted in Ref. [94] that " .. . few ca8es have been 
di8covered . .. in which the 3DOFI element (BCIZI triangle) fails to give result8 of acceptable 
engineering accuracy". This is possibly one of the reasons why this quintic element, 
and other complex elements plate-bending have not gained wider exposure in currently 
available finite element packages. 
Triangular sub domain formulations. The simplest possible fully compatible trian-
gular plate element is one called the Clough-Tocher or nCT triangle, which was developed 
using what is called a 'subdomain formulation' for the triangular element. The reason for 
this name can be seen in figure 2.7. Basically the element is divided into subregions and 
independent displacement fields are assumed for each subregion, the d.o.f. on the com-
mon boundaries of these subregions being equated to reduce the number of d.o.f. of the 
element. 
Clough and Tocher, [20], employed this approach in an element composed of three nine 
d.oJ. subtriangles. This fully compatible element was arranged so as to give a quadratic 
variation of displacement along each exterior edge of the triangle. 
An improved version of this element, the LCCT-12 has also been formulated by Clough 
and Felippa, [18], using three 10 d.o.f subtriangles. The initial 30 d.oJ. being reduced 
to 12, (three at each vertex, a.nd a midside normal slope on each exterior edge), by the 
imposition of compatibility constraints in the interior of the element. 
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Figure 2.7: ReT triangular element. 
Another method of formulation of an RCT-type triangular element involves using 
interpolation functions and triangular coordinates within each subtriangle, which leads to 
simpler local-global transformation matrices, and therefore simpler matrix inversions to 
create the stiffness matrix. 
2.4.3 Mindlin Theory/Formulation 
As stated at the beginning of the Kirchoff theory section, the difficulty in developing ac-
ceptable plate (and shell) elements is due to the simplistic. nature of Kirchoff theory, which 
requires C1 of the displacement functions. Mindlin1 plate theory, however, accounts for 
both bending and transverse shear deformation and requires only CO of the displacement 
functions, therefore it may be used to analyze thick plates as well as thin plates. There is 
however a complication, when Mindlin elements are used for very thin plates they may be 
less accurate than Kirchoff elements, which do not allow for transverse shear deformation. 
This is due to numerical difficulties with the shear terms overwhelming the bending terms 
in the stiffness matrix and causing "shear locking,". This will be discussed later, after the 
basic theory is covered. 
Deformations 
The deformation of plates, according to Mindlin theory obeys the following rules: 
1 While this modification of the Kirchoff theory is often credited to Mindlin, it had previously been 
independently derived by Reissner, and therefore should probably be called Reissner-Mindlin theory. 
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Figure 2.8: Deformation of a differential plate element: Mindlin theory. 
1. Deflections are small, 
2. Lines straight and perpendicular to the midplane remain straight, but not necessarily 
normal after deformation, 
3. Stresses normal to the surface (membrane stresses) are negligible. 
Note: The following Mindlin theory is based on that in Ref [41J. 
The displacement of an arbitrary point, P, not on the midplane, (see figure 2.8), can 
be described by the equations 
v = -zOy (2.42) 
Mindlin Element Stiffness Matrix 
Deflections and normal rotations for an n-noded Mindlin element are specified by inde-
pendent shape function interpolations: 
n 
W = LNiWi 
i=l 
26 Cllapter 2. Plate and Shell Finite Element Theory 
n 
Ox = I: NiOxi 
i=l 
n 
Oy = I: NiOyi 
;=1 
(2.43) 
where w, Ox and By are the corresponding displacements and rotations at node i, and 
Ni is the shape function associated with node i. 
Curvature-displacement relations are then written as 
(2.44) 
in which the curvatures are expressed as 
(2.45) 
The curvature-displacement matrix associated with node i may be written as 
(2.46) 
and the unknowns at node i are 
(2.47) 
Shear strain-displacement relations are written as 
(2.48) 
in which the shear strains are written as 
(2.49) 
The shear strain-displacement matrix associated with node i may be written as 
Bsi = [Ni'X Ni 0 1 
Ni,y 0 Ni 
The moment-curvature relationships are given as 
where the bending moments are 
(2.50) 
(2.51) 
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and the matrix of flexural rigidity for an isotropic material is 
D = Et
3 
[110
1 ~o! 0 ] 12(1- v2) 0 
(1- v)/2 
where E is Young's Modulus, 11 is Poisson's ratio, and t is the plate thickness. 
The shear force-shear strain relationships are given as 
w here the shear forces are 
and the matrix of shear rigidity for an isotropic material is 
EtK [1 0 1 
D=2(1+1I) 01 
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(2.52) 
(2.53) 
(2.54) 
(2.55) 
(2.56) 
where K is a shear modification factor, l1sually taken as ~ for homogeneous isotropic 
plates. 
Therefore the total strain energy can be expressed as 
(2.57) 
This can then be substituted into the potential energy expression, and minimised with 
respect to the nodal values di to obtain the stiffness equation for the system. 
Isoparametric formulation. The very useful manipulation of "Isoparametric formu-
lation" can be used on Mindlin elements. This is where, if the element is of general shape, 
it can be mapped to a square element defined by edges of 'f}, ~ = ±1, where 'f} and ~ are 
generalised mapping coordinates. The element stiffness matrix is then integrated using 
some numerical integration rule 2) commonly the Gaussian-Quadrature rule, at a specified 
number of "Gauss" points. The element stiffness matrix equation then becomes 
2Numel'ical integration is used because analytic integration of the general curved shape would require 
rather complex formulae, which would yield no noticeable improvement in accuracy. 
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(2.58) 
where J is the determinant of the Jacobian matrix. 
For more detailed information on the 'Isoparametric' formulation of elements, see 
Ref. [56], Chapter 6 of Cook, [22], and Chapter 8 of Zienkiewicz, 4th ed., vol 1, [104]. 
Accuracy of General Mindlin elements 
Mindlin elements, in general, suffer from 'shear locking', in which the transverse shear of 
the element is overly constrained, and therefore the shear stiffness matrix terms become 
very large in comparison to the bending stiffness terms. This leads to serious numerical 
problems, and the deflections may in extreme cases become negligible. Shear locking can 
be avoided by adopting a reduced- or selective integration rule to generate the element 
stiffness matrix, [k], or else by redefining the transverse shear interpolation. When this 
is done the Mindlin formulation plate elements produce very good results for the normal 
range of plate-bending problems. 
An undesirable side-~effect of using reduced or selective integration for evaluating the 
shear strain energy of the element is that it may give rise to spurious zero energy modes 
and 'rank deficiency' of the element matrix. 
Shear-locking and spurious modes associated with discretization of the transverse shear 
strain energy have been investigated extensively in many published papers. Some refer-
ences read by the author include [26], [39], [41], [99], [98] and [45], much important research 
being done by groups in conjunction with T.J.R Hughes and E. Hinton. 
Methods of combating these failings of Mindlin elements include using Hybrid and 
mixed formulations, mechanism suppression techniques, smoothing techniques, [57], and 
of late "free-formulation" techniques, [12] and [11]. An interesting, although rather com-
plicated analysis of locking and rank deficiencies utilising symbolic Fourier analysis was 
undertaken by Park and Flaggs, [83], [82], [84], who developed a successful plate bending 
element by the assumed natural-coordinate strain method. 
More comments upon the accuracy of Mindlin elements can be found in the paper on 
the "Heterosis" element by Hughes and Cohen, [44], and in the "Finite Element Hand-
book", [59]. 
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Figure 2.9: Mindlin elements. 
Examples of Mindlin Formulations. 
r.rhe Heterosis Element. The 'Heterosis' element, (depicted along with related Mindlin 
elements in figure 2.9), is currently the best Mindlin plate element formulation, if not the 
best conventional, (assumed displacement), plate element available. It is formulated by 
modifying a quadratic (eight-noded) serendipity element with the inclusion of a centre 
node with two d.o.f. Ox and Oy , therefore the element has nine-nodes with 26 d.o.f. 
Details of this element stiffness matrix formulation, and that of a consistent load vector 
can be found in Ref.[44]. 
The element, because of the isoparametric formulation, must be integrated using nu-
merical integration, a selective gaussian quadrature rule being used. A rule of 3 x 3 gauss 
points being used in the calculation of the bending stiffness, and a 2 x 2 gauss point rule 
being used for the calculation of the transverse shear stiffness. 
The heterosis element does not exhibit locking, erratic convergence characteristics, or 
mechanisms, and therefore can be used with confidence for any plate analysis problem. 
2.4.4 Discrete Kirchoff Theory /Formulation 
An element of this type, the Discrete Kirchoff Triangle, or DKT, was first described in a 
technical report by Oden and Wempner, (1967), and extensively published by Wempner, 
Oden and Kross, [31], [102]. Since then other Discrete Kirchoff type elements have been 
published, see Refs. [.50], [24], [2.5], [8], [10]' [74]. These elements in every case proving 
to perform accurately. Indeed a survey of plate~bending elements in 1980 concluded that 
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the DKT was one of the best elements for the analysis of thin plates [52]. 
The essential step in the element formulation of a Discrete Kirchoff element is the 
enforcement of zero transverse shear strain at specific points and along the edges of the 
element. This is done by assuming a Mindlin theory of deformation over the entire element, 
and then applying Kirchoff theory at the nodes around the exterior of the element. The 
position of the nodes need not be at the vertices of an arbitrarily shaped triangle or 
rectangle, indeed some elements, notably the Semi-Loof elements of Irons, [471, enforce 
these "Kirchoff constraints" at specially defined "Loof" nodes. 
Deformations 
The displacement coordinates of a point are given by Mindlin theory: 
u zw,xx 
v ZW,yy (2.59) 
Independent shape function interpolations are used for the element deflections and 
rotations, see figure 2.10, similar to those used for Mindlin elements, with the out-of-
plane deformation being expressed as a polynomial expression of some type, the shape 
functions of the BCIZ1 nonconforming triangle being used here. 
9 
W = LNiWi 
i=l 
6 
()x = L Ni()xi 
;=1 
6 
()y = L Ni()yi 
i=l 
(2.60) 
This gives 21 initial degrees of freedom, which must be reduced to 9 for the final 
element. This is done by imposing the "Kirchoff constraints". 
Kirchoff Constraints 
At each of the vertices, the transverse shear strains, IYz and IZX are set to be equal to 
zero. This yields six equations: 
-W . ,x, 
-W,yi for i = 1,2,3 (2.61) 
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Figure 2.10: A Discrete Kirchoff Triangle. 
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At the midside nodes, the transverse shear strain vanishes: This gives three equations. 
(}si=W,si=O for i=4,5,6 (2.62) 
Normal slopeR are conRtrained to a linear variation along the sides of the element. This 
gives another three equations of the form: 
1 
2"( W,nl + w,n?) 
1 
2"( W,n2 + W,n3) 
1 
2"( w,n3 + w,n!) (2.63) 
These twelve constraints are then combined with the nine nodal d.o.f. to give a trans-
formation which expresses the twelve nodal d.o.f. {}xi and Oyi in terms of the nine nodal 
d.o.f., Wi, W,xi, and W,yi. 
T T {Oxl Oy) Ox? ••• Oyd = [T]{ Wl W,xl W,yl W2 •.• W ,y3} (2.64) 
where [T] is the 12 x 9 transformation matrix from l'otational d.o.f. to standard Kirchoff 
nodal d.o.f. 
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Discrete Kirchoff Element Stiffness Matrix 
The strains are expressed in terms of the nine nodal d.o.f. using the strain-displacement 
relations of Mindlin theory, (whilst not including the IYz and IZX terms as this formulation 
is using Kirchoff theory), and the transformation matrix, [TJ, from above. 
WI 
[Nt. 0 0 N 6 ,x N:" 1 [T] 
W,xl 
{c} = Z 0' Nl,y W,yl {e} = z[Be][T]{d} 0 0 or 
Wz 
Nl,y Nl,x 0 N 6 ,y N 6 ,x 
W,y3 
After integrating through the thickness, the strain energy expression becomes 
u = ~{d}T[k]{d} 
where [k] = iA [BjT [Drd [B]dA and [B] = [Bg][T]. 
Comments on Discrete Kirchoff Elements 
(2.65) 
The Discrete Kirchoff triangle. The Discrete Kirchoff Triangle, (DKT) is used suc-
cessfully in a number of finite element packages, and is ih all cases a most· acceptable 
element. It passes all patch tests, does not lock or have spUl'ious modes. Several varia-
tions on the theme have been produced since the concept was introduced, these ranging 
from the original complicated formulation of Wempner, to the simpler formulations of 
Stricklin, [50], and Batoz, [52]. 
Other versions of the DKT have varying degrees of freedom, from the 9 d.o.f. version 
presented here, to a 15 d.o.f. version formulated by Batoz and Dhatt, [9] and up to 27 
d.o.f., [25]. Later formulations of the element have included explicit expressions for the 
stiffness matrix of the element, [8] and later [54], which.allow much more efficient coding, 
with a corresponding decrease in the computing time required. 
The Discrete Kirchoff Quadrilateral. A variation on the DKT theme, the DKQ or 
Discrete Kirchoff Quadrilateral, [10], has been produced in recent times. This uses much 
the same method of formulation as the a,bove DKT element, with explicit formulation of 
the stiffness matrix. While the results from this element are good, the convergence is not 
monotomic, or as good as some other elements tested at the time. 
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The Semi-Loaf Element. The Semi-Loof element of Irons was first published in lit-
erature in 1976, [47], and since then has gained a wide acceptance because ofthe accuracy 
attainable by this element. 
What follows is a brief note on the formulation of the Semi-Loof quadrilateral element. 
It should be noted that this is not the only Semi-Loof type element available, indeed the 
commercial finite element program, PAFEC, uses both this element and a simHar six-
noded triangular element for plate-bending and shell problems. 
The basis for the Semi-Loof element is an eight-noded isoparametric quadrilateral 
element. The eight nodes have three translatory degrees of freedom, ux , u y and uz , for 
nodal variables, with another eight loof nodes placed at the Gauss points along the side 
having one rotational degree of freedom, as can be seen in figure 2.11. A further degree 
of freedom, a bubble function, 1V = (1 - ~2)(1 - 1}2), is added in a direction normal to 
the element, at (1} = ~ = 0), to enable a quadrilateral element to pass the patch test. 
This brings the total number of degrees of freedom to 43. The eight corner and midside 
nodes, with the translatory degrees of freedom are adequate to describe the membrane 
deformations of the shell fully, but are not acceptable to provide slope continuity between 
elements, hence the need to specify the normal rotations at the Loof nodes. To reduce the 
total number of degrees of freedom, eleven constraints can be introduced. Eight of these 
constraints take the form of the Discrete Kirchoff constraints, or in other words the shear 
strain is constrained to be equal to zero at the Gauss points. Two further constraints are 
su pplied by manipulation of the shear strains at the central node, (1} = ~ = 0). This takes 
the form of 
J Xg ·1' d(area) = J Yg .1' d(area) = 0 (2.66) 
which is integrated over the Gauss points, where l' = X 1'x z + Y 1'y z, and X 9 and 1'9 
are the unit vectors at the central node. 
The final degree of freedom is removed by constraining the bubble function. Consider 
the bubble function, which has negative curvature in the 1} and ~ directions. It is then 
postulated that the total curvature, 82W/ 8X2 + 82W/ 8y2 is negative almost everywhere. 
As there is no rotation, U = V = O. The shear corresponding to the slope Wx is 1'xz = 
W X + U z, so that the expression in the shears that corresponds to the total curvature, in 
the same way, is 
(2.67) 
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Loof nodes denoted by "X". 
Figure 2.11: The Semi-Loof quadrilateral element. 
Therefore the constraint is ta,ken to be 
j V . i d( area) = 0 (2.68) 
Now, if the thickness IS constant, this constraint can be transformed using Green's 
theorem, to 
j(thickneSs) ixz d(boundarv),= 0 (2.69) 
As can be seen from the above theory, the Semi-Loof element is rather complicated, 
the constraints being applied numerically. This does lead to inaccuracies as the element 
is significantly distorted. Another disadvantage of this element is that it contains one 
spurious mode, however this is rarely activated, and in general the element is well behaved 
and demonstrates good convergence. 
2.4.5 Shell theory 
Recommended Reading. The reader is referred to some excellent texts by Flugge, 
[28], Kraus [61] and Seide [93] and also the paper by Bnshnell, [16], for a more detailed 
explanation of shell theories. 
Shell Geometry 
Shells are generally curved surfaces, which can be described by the position of the midplane 
ofthe surface, and the thickness of the shell, which is almost always very thin in comparison 
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to the other characteristic dimensions of the shell. The midplane of the surface is described 
either by two mutually perpendicular principal radii of curvature, or by vectors, whose 
components are curvilinear coordinates. 
Shell Finite Elements 
There are three recognized ways of analyzing a shell using finite elements. These are: 
1. A facet shell representation, where the curved surface is modelled as a number of 
simple flat elements. 
2. Curved shell elements, formulated from some classical shell theory. 
3. Mindlin-type she1l elements, formed by the degeneration of a solid element into a 
shell element. 
Facet Shell Elements. In general, elements of this type are easy to formulate, pass 
patch tests and do not give rise to non-zero strains for rigid body motions. The geometric 
approximation of facet shell elements may give rise to erroneous results, especially for 
problems which are sensitive to geometric perturbations, however as the mesh is refined 
in these sensitive areas, one can be confident that the finite element solution will converge 
to the correct result. 
A simple element of this type can be formed by combining a plate element of some 
type with a membrane element, as can be seen in figure 2.12. A simple example of an 
element of this type is described in a paper by Clough and Johnson, [19], and also in 
Chapter 10.8.2 of Astley, [5], and in Chapter Three of Zienkiewicz, [105]. The simple shell 
elements in the IjFEM finite element package are formulated in this way. 
The membrane element commonly used in facet she1l elements is the Constant Strain 
Triangle, (CST), however this element causes the resultant shell element to exhibit rather 
slow convergence, and several authors have formulated improved elements with more ad-
vanced membrane elements, such as the Linear Strain Triangle, (LST). 
More complicated facet shell elements, generally with correspondingly better results, 
can be formed by combining more advanced plate-bending and membrane elements. A 
recent example of one such element, an 18 degrees of freedom triangular shell element 
proposed by Carpenter et.al., [75], being formulated by combining a DKT bending ele-
ment and a degenerate linear strain triangle plane-stress element. This element performs 
creditably, being of similar accuracy to the advanced 9--node Lagrangian ",-element" of 
Belytschko, [97], whilst still being reasonably simple to formulate. It should be noted, 
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Figure 2.12: A facet shell element, formed by the combination of a plate bending element. and a membrane 
element. 
however, that due to the reduced integra,tion of the plane-~stress element that is employed 
in the formulation, zero-energy modes can occur. 
Curved Shell Elements. Curved shell elements are by nature of their formulation 
more complicated than flat plate elements. Apart from the shell theory that is used to 
describe the deformations of the surface, the geometry of the surface itself requires some 
involved expressions. This leads to the element requiring at least Cl continuity, (as do 
Kirchoff-type plate-bending elements), which we have seen is not easy to achieve. 
Cla.'lsical shell theory deals with thin shells, and if one desires to analyze thick shells, 
the sheJl theory must be modified to account for transverse shear deformation, similar to 
the modifications of Kirchoff plate theory by Reissner and 'Mindlin. 
Curved thin shell elements mayor may not behave correctly, (accurately), due to the 
approximations of the shell theory used in the formulation. MallY discussions have been 
published on the acceptability or otherwise of the various approximations of shell theory, 
and conclusions have, in many cases, pointed to the unacceptability of a particular shell 
theory. 
A broa.d division is also made between shallow shell theory, and deep shell theory. Many 
elements use shallow shell theory because, as the mesh of an arbitrarily shaped shell is re-
fined, the element tends towards a facet-type element, ie. sha.llow. (The non-conformities 
caused by the parabolic surfaces of adjacent elements of the shell being neglected). The 
analysis of deep shell problems using shallow shell theory ba.'led elements may lead to 
incorrect solutions depending on the method of formulation, this being discussed more 
fully in the paper by IdelsollI1, [46]. Difficulties arose in many early finite elements based 
on deep shell theories beca.use they did not provide strain-free rigid body motions, nor 
correct representation of the coupling between the bending and membrane actions of the 
shell, (apart from the then unrecognized 'membra.ne locking' problems). 
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Morris, [73J, lists three criteria that the constitutive equations from a shell theory must 
meet, these being: 
1. Consistency. The set of constitutive equations should be consistent with the principles 
of energy and equilibrium. 
2. Rigid displacement invariance. The equations should remain invariant under rigid 
body displacements. This does not mean that the strain measures necessarily produce 
zero strain for this kind of motion, but that the constitutive equations give rise to 
zero strain energy. 
3. Coordinate invariance. The equations should be stated by a rule which holds equally 
well in all coordinate systems. This condition can be easily satisfied if the appropriate 
equations are stated in tensorial form or by the aid of direct notations not employing 
coordinates at all. 
Morris goes on to say that the traditional shell theories of Love and N ovozhilov do not 
give satisfactory compliance with these requirements. Even today there is still no common 
agreement on the best shell theory to be used for an analysis, although consistent Kirchoff-
type deep shell theories, such as those of Sanders, Koiter and Budiansky and Sanders are 
generally accepted as providing correct solutions, [76]. 
It has been argued that the shell theory does not have to be exact, as the result of a 
finite element analysis is not exact, however in Chapter 2 of Ref. [4], Morris states that 
this is not an acceptable course to take, and that one should be confident that "errors 
which do arise come from the numerical approximation and not from an unsuitable shell 
theory. " 
Successful (accurate) early elements have been formulated, the "SHEBA" family of 
elements (Argyris and Scharpf, [3]), being an example, however with 18 degrees of freedom 
at each node, these elements are rather complicated for use in difficult geometric situations, 
such as cusps, as well as being computationally expensive. 
A simple and successful curved shell element developed recently by Murthy and Gal-
lagher, [74], and is based upon the Discrete Kirchoff theory covered previously. The 
three-noded triangular element has 27 degrees of freedom, 9 at each vertex. The nodal 
freedoms are U, U,x, U,y, V, V;x, V;y, W, W,x, W,y, where U, V and Ware respectively 
the tangential and normal components of the displacements in the curvilinear coordinate 
(x,y) system. 
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Figure 2.13: Degeneration of a cubic isoparametric solid element to an eight-noded shell element. 
Degenerate Solid Elements. For more discussion on the use of solid elements in the 
analysis of shells, the reader is pointed to some useful references, [91], [80], [85], which 
trace the use of thick shell (solid) elements of curved, arbitrary shape in the analysis 
of thick and thin shell structures, and also the implementation of reduced and selective 
integration techniques in these elements, leading to improved solution accuracy. 
An example of this type of element is described, as this is perhaps the simplest method 
of illustrating the formulation. 
The basis of this typical element is a solid cubic isoparametric element, with three nodes 
per external edge, which is degenerated to an eight-noded shell element, as illustrated in 
figure 2.13. 
Several assumptions are made throughout the formulation of the element, in order to 
simplify, and improve the accuracy of the final element. The first such assumption is that 
the strains in the direction (, (approximately normal to the midplane of the element), are 
negligible. This means that the order of interpolation through the thickness of the element 
can be reduced, being reduced to a linear interpolation, (a node on both the upper and 
lower surfaces) in this example3 . This results in a marked improvement in the accuracy 
of the element, as the stiffness matrix becomes less ill-conditioned. (The condition of the 
matrices is due to the terms, or more particularly the numerical differences in the terms, 
the differences being proportional to the spatial dimension in the particular direction). 
Another effect of this reduction in the number of nodes, and degrees of freedom, is that 
there are less equations to be solved. Economy is important in commercial finite element 
analyses, as both computer time and storage space cost, therefore this degeneration of the 
solid element is also financially useful. 
A recent example of a highly accurate and efficient degenerate element is presented 
111 a paper by Belytschko et.al., [97], where a nine-noded Lagrange element is formed 
3In extreme cases the nodes are coalesced into one node on the midplane, forming a 'super-parametric' 
element. 
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Figure 2.14: Intergraph IjFEM plate and shell elements. 
by degeneration of an 18 node brick element. "Mode control" is used in this so-called 
",-element", which results in elimination of spurious modes and avoidance of membrane 
locking, and because of the use of uniform reduced integration, the storage requirements of 
the element are much less than a conventiona~ selective reduced integration, again resulting 
in a more economic element. 
An alternative approach to the analysis of shell structures is using solid elements with 
added incompatible modes, similar to the incompatible modes added to the four-noded 
I/FEM plate element in the following section. Ref [88] mentions an example of this, the 
eight-noded brick element, with three added modes to improve the bending response of 
the element. 
2.5 Plate and Shell Elements Available in I/FEM 
The Intergraph/Finite Element Modeller, or I/FEM, offers a basic range of plate and shell 
elements, as depicted in figure 2.14. 
The I/FEM documentation produces very little useful information about the formu-
lation of the plate and shell elements that are available in the package, especially with 
regard to the higher-order shell elements. 
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2.5.1 Low-Order Shell Elements. 
The shell elements in I/FEM use a local coordinate system for stress recovery, which is in 
general defined as the projection of the global x-axis on the element. In particular cases 
where the element is orthogonal, or nearly orthogonal to the x-axis, the global y-axis is 
used for the projection. 
Stresses are recovered at the element centroid, and then projected to the nodes, where 
they are calculated using a simple or weighted averaging scheme. This is a poor method 
of calculating stresses, as more accurate results are generated by evaluating the Jacobian 
matrix, [J], and the strain-displacement matrix, [BJ, and computing the stresses at each 
Gauss point and then extrapolating this computed value to the nodes to arrive at the nodal 
stress values, [17]. For more discussion upon the optimal location of the stress sampling 
points, see Chapter 6.13 of Cook, [22], and also Refs. [7] and [40]. 
The TRI three-noded shell element. The tlnee-noded TRI element is a facet shell 
element. It is formulated by combining a membrane element, (the constant strain triangle), 
and a plate bending element, the Zienkiewicz (BCIZ1) triangle in much the same manner 
as the element described in Chapter 10.8.2 of Astley, [5]. 
As the bending and membrane parts of this element are uncoupled, only the membrane 
element, (the CST OT Constant Strain Triangle), or the bending element, (the BCIZ1 
triangle), may be used if required. 
The QUD four-noded shell element. The QUD shell element is comprised of two 
parts, a bending part and a membrane part. The bending contribution is from four cross-
lapped Zienkiewicz plates. 
The membrane contribution is from a membrane isoparametric element with two in--
plane translational degrees of freedom at each comer node, and ((with two additional shape 
functions". As far as the author can deduce, the formulation of this element is similar to 
the "QM6" element proposed by Taylor et.al. [88]. 
The basis for the quadrilateral is the bilinear isoparametric element, with edges at 
1], ~ = ±1, and the displacement interpolation modified by the addition oftwo incompatible 
modes, therefore the displacement field will be of the following type: 
4 2 
U = L U jNj(1],O+ LajPj(1],O 
i=] i=] 
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4 2 
V = L viNi(1],~) + L bjPi(1],O (2.70) 
i=1 
where Ni(TJ,~) = HI - TJi1])(I- ~i~), PI = (1 - TJ2), P2 = (1 - e) and TJ and ~ are 
the natural coordinates of the element. 
The elements are derived using the Mindlin--Reissner assumptions, as specified in the 
section on Mindlin theory, which means that they should provide acceptable results for a 
much larger range of shell thicknesses than Kirchoff elements. 
These assumptions are valid when deflections are a few tenths of the plate's thickness 
and at least one transverse dimension is large compared to the thickness, thereby negating 
shear deflections. 
Bending and membrane effects are uncoupled in the QUD element. 
2.5.2 High-Order Shell elements. 
The information on these elements is rather sparse, apart from the statement that these 
elements are true shells, and some statements of basic shell element properties, for example 
that bending and membrane behaviour is coupled. 
Both of the shell elements are formulated using Reissner-Mindlin theory, ie. transverse 
shear strain is taken into account, which means that they can be used for both thick and 
thin shells. 
The only other clue to the identity of these elements was from the results generated 
in the element verification testcases, which is covered in the next chapter, and references 
to several papers for each element. 
The TI6 six-noded shell element. The I/FEM documentation produces very little 
useful information about this element except for the statement that the accuracy of high-
order triangles is much better than that of the low-order triangles. 
The documentation lists a paper by MacNeal, [66], in which a six-noded triangular 
element is formulated using an assumed strain method. The membrane strains of this 
element are evaluated by assuming a strain field, (instead of a displacement field), and 
relating this strain field to the nodal displacements by line integration of the strain field 
along straight line segments between pairs of nodal points. The resulting element proves 
to be accurate and converge to the correct solution for several testcases, and is used in 
MSC/NASTRAN as the 'TRIA6' curved shell element. 
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The QD8 eight-noded shell element. The QD8 element is a shell element, and the 
information given in the finite element package documentation about these high-order 
elements is rather limited. For example: "Higher order plates are true shells, unlike low-
order plates. Bending and membrane effects are coupled. Their accuracy is far better than 
the accuracy of low order triangles." 
It appears, from the results generated in the element verification testcases which are 
covered in the following chapter, that this element is a reduced or selectively integrated 
isoparametric serendipity shell element. The "Finite Element Handbook", [59J, has this 
to say about such elements. 
«The element is simple and works well if it is not distorted .. .. It contains two spurious 
kinematic modes, but these modes are rarely activated in practical circumstances." 
These comments seem to describe the behaviour of the element that was encountered 
in the element verification tests, which are described in the following chapter. 
2.6 Element Formulations based on Modified Principles 
Table 2.1 summarises the different finite element categories based upon their variational 
principle. Several of these methods are briefly commented upon in the following text. 
Free formulation Another class of alternative formulation that has recently been de-
rived is the "free formulation". The only requirement for elements derived in this manner, 
is that the displacement patterns that the element possesses must contain the fundamental 
deformation modes, (rigid body and constant strains), and be linearly independent. For 
more information on this powerful method of formulation, the reader is pointed towards 
references by the research group headed by Bergan, [12] and [11J. 
Equilibrium Models. Equilibrium models are based on an assumed equilibrating stress 
field. 
The equilibrium-type finite elements provide an upper bound solution to finite ele-
ment problems which, when combined with a conventional assumed-displacement method 
(which provide a lower bound solution), can provide a measure of the accuracy of a so-
lution, [30J. This re-analysis by another method, and elements is time-consuming to say 
the least, financially unviable. 
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Finite Element Variational Assumed Functions Along Interelement Unknowns in 
Method Principle Inside the Element Boundaries Final Equations 
Displacement Minimum Continuous Displacement Nodal 
(Confonning) Potential Displacements Continuity Displacements 
Energy 
Minimum Continuous and Equilibrium a) Generalised 
Equilibrium Complementary Equilibriating Boundary Displacements 
Energy Stresses Tractions b) Stress 
Parameters 
Hybrid Modified Continuous and Assumed Nodal 
Stress Complementary Equilibriating Compatible Displacements 
Method Energy Stresses Displacements 
Hybrid Modified Continuous Assumed Nodal 
Displacement Potential Displacements Compatible Displacements 
Method (1) Energy Displacements 
Hybrid Modified Continuous Assumed Nodal displacements 
Displacement Potential Displacements Equilibriating and 
Method (2) Energy Boundary'Il'actions Boundary Forces 
Reissner's Reissner Method Continuous Stress Combinations of Combinations of 
Principle as modified by and Displacement Boundary Tractions Displacements 
Hermann Functions and Displacements and Tractions 
Generalised Modified Continuous Lagrangian Nodal Displacements 
Displacement Potent.ial Displacements multipliers and Lagrangian 
Method Energy (stresses) multipliers 
Generalised Modified Continuous and Lagrangian Nodal Displacements 
Equilibrium Complementary Equilibriating multipliers and Lagrangian 
Method Energy Stresses (displacements) multipliers 
Table 2.1: Classification of finite element methods. 
Hybrid Stress Elements. The Hybrid Stress method is based upon a modification 
of the principle of complementary energy) in which the energy functional is) in matrix 
notation; 
(2.71) 
where V n is the domain of the element) BV n is the boundary of the element and Ban 
is the boundary of the domain satisfying stress equilibrium. 
The stresses are interpolated in terms of a set of undetermined parameters, ,13. This 
interpolation is comprised of two parts; the first in ,13 must satisfy stress equilibrium within 
the element, while the second part corresponds to a particular solution with prescribed 
body forces) Pi. 
(2.72) 
where the second term is prescribed, and thus ,I3F is known. (The remainder of this 
derivation will ignore this second term). 
The element boundary tractions are related to the assumed stresses) a) by a coordinate 
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transformation, N; 
T = Ncr (2.73) 
Substituting 
T = NP(3 (2.74) 
The interelement compatible boundary displacements, u, are interpolated in terms of 
the nodal displacements, Vj 
u = Lv 
where the interpolation, L, is applied along the external boundary. 
The energy functional can then be written as; 
which can be rewritten as: 
where 
H = J pTSPdV 
Vn 
G 1 (NPlLdS 
8Vn 
cIT is LTtdS 
Sern 
(2.75) 
(2.77) 
(2.78) 
(2.79) 
(2.80) 
Now since cr is assumed independently within each element, the stationary condition 
of the functional with respect to j3 is directly obtained for each element as 
Hj3 - Gv = 0 (2.81) 
or 
(2.82) 
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Substituting 
~ { 1 T T -1 T - } IIme2 = D -2'V G II Gv + v QT 
n 
(2.83) 
Defining 
(2.84) 
Thus 
IIme2 = - L {~VT l(v - VTQT } 
n 
(2.85) 
Finally the stationary condition of the functional, IIme2 , with respect to v becomes 
(2.86) 
n 
Here l( represents the Element Stiffness Matrix and QT is the Consistent Load Vector. 
The only matrices needed are G, II-I and the vector QT. 
A major advantage of the Hybrid Stress elements over some other alternative for-
mulations is that they may be incorporated into a conventional assumed-displacement 
finite element package, without the user knowing any difference, as the external degrees 
of freedom used in the formulation are the nodal displacements. 
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Chapter 3 
Element Verification 
3.1 Introduction 
A fact which must be stressed when dealing with finite element analysis is that it is an 
approximate method of analysis - it may yield answers which are, in most cases as dose 
to exact as is required for the purposes of design, but it may also give answers which are 
totally wrong. 
Apart from errors by the engineer, the elements are the major source of inaccuracy, the 
rest of the calculations are exact except for their lack of precision, for example, rounding 
errors. 
The reasons for the errors in the analysis may be as simple as an incorrect unit used in 
an analysis, or it may be more insidious, for example, an element type may only provide 
correct answers for a particular shape or loading. This type of error is quite serious, as 
the user of a finite element package may have, through a series of simple analyses built up 
a false assurance in the ability of their program to provide accurate resultR. 
Most texts on finite elements include a section, if not a chapter, on the errors or 
inaccuracies that are involved in the use of a finite element method. Typical quotes on 
the accuracy of finite elements are: 
" ... a competent analyst must hatle sound engineering judgement and experience, and 
that doubts raised in the course of an analysis should be taken seriously." from Cook, [22J, 
and 
"In any practical analysis problem, perhaps the most difficult job facing the analyst is 
to assess the magnitude of the errors implicit in the analysis technique." from Ref. [4J 
This is the reason why the user of any new or untested finite element package should 
undertake a comprehensive series of element verification tests. 
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Element verification is simply the testing of the performance of an element to ascertain 
the accuracy, or lack of, in a particular application so one can have confidence in the results 
generated by an analysis. 
The following section comments upon the errors that may arise in a fmite element 
formulation, and which will lead to incorrect solutions in an analysis. 
3.2 Errors in the Element Formulation. 
In the process of element verifIcation one must test for: 
Elementary (or basic) defects in the element formulation. It is entirely possible 
that an element may be deficient by nature of incorrect assumptions in the formulation. 
This is a very serious sort of error and any element possessing this type of error should 
never progress beyond the development stage. Thankfully this type of error is usually 
picked up rather quickly, due to extensive testing in the development of the element, 
similar to the tests that are described in the remainder of this chapter. 
Two main defects that might occur in a new element formulation, depending on the 
method used are: 
• Violation of the rigid-body property, ie. a rigid-body displacement of any element 
must give rise to zero strain energy . 
• Non-invariance to node numbering, ie. the result generated must not depend on the 
way the element nodes are numbered. 
Presence of spurious mechanisms. For more detailed information on spurious modes, 
it is suggested that the reader look at Refs. [14], [87} and [105]. 
Mechanisms, which are also called instabilities, 'kinematic' modes, 'hourglass' modes 
or zero-energy modes, will lead to an inaccurate solution of the stiffness equations due 
to an incorrect evaluation of the energy of the system. The cause of mechanisms can be 
traced back to the stiffness matrix of the element, where an eigenvalue analysis of the 
matrix will warn the user that the matrix is 'rank deficient'. 
Rank deficiencies can lead to (locally) singular stiffness equations, ie. the number of 
unknowns is greater than the number of equations in the stiffness equation, which although 
not preventing a solution from being arrived at, they will obviously lead to a less than 
accurate solutIon. 
3.2. Errors in the Element Form ula.ti011. 
.7). 
I 
----'? - ~ 
• I • 
1 
B or 9 noded 
elements 
x, u 
9 noded element 
only 
9 noded element 
only 
Figure 3.1: Exam pies of Spll riolls mechanisms. 
B or 9 noded 
elements 
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In some cases the presence of spurious mechanisms may be tolerable, an example of such 
a case being a mechanism which only occurs in a single element, and cannot occur when 
several elements are joined together. Although this is allowable, it would be preferable if 
no such mechanisms were possible in an element. 
Rank deficiency problems are generally due to an inadequate order of Gaussian quadra-
ture used for evaluation of the shear strains of an element, in an effort to avoid the shear 
locking, which is mentioned next, and ha.s been shown to occur in reduced integrated four-
and nine··noded isoparametric plane strain elements, [14J. 
Some examples of spurious mechanisms can be seen in figure 3.1. 
Shear Locking. Shea,r locking is the teflll used to describe a. numerical problem that 
commonly occurs in the a,nalysis of fully-integrated Mindlin plate and shell elements, 
where the shear contribution overwhelms the bending contribution of the element stiffness 
matrix. 
An extreme case of this is called 'machine locking', where, because of the finite word 
length of a particular system, the magnitude of the bending stiffness becomes negligible 
in comparison to the shear stiffness. 
One must check for the presence of locking for: 
If Particular loadings, ego a point load 011 the end of a cantilever beam of two ele-
ment depth, or the deformation of a single element structure on an essentially rigid 
foundation . 
• Particular (irregular) element shapes, for example, how does a quadrilateral element 
perform as the shape is changed from a sq uare to an elongated rectangle, or even to 
a trapezoidal shape. 
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3.3 Parameters that affect element accuracy 
The main parameters that affect the accuracy of an element, and therefore must be tested 
for in any series of verification tests are listed in this section. 
Each of these parameters are tested in the series of test cases on the I/FEM quadrilateral 
element library, in an effort to determine the best type of element for the analysis of the 
reverse duct that follows in Chapter Five. 
1. Loading - The problem set should provide significant loading for each of the types 
of deformation which the elements can exhibit. 
2. Element geometry - Each element has a standard shape, which may be the only 
shape the developer has tested. In the case of a quadrilateral element the standard 
shape is a square, in the case of a triangular element the standard shape is usually an 
isoceles right triangle. Care should be taken to test non-standard element shapes, 
as are shown in figure 3.2. 
3. Problem geometry - Geometric parameters which affect more than one element can 
also affect element accuracy. Curvatme is a vel'y important such parameter. It is 
not just sufficient to test single cmvature, but one must also test double cUl'vature, 
as some elements perform well in the fmmel' but vel'y poorly in the latter problem. 
The slenderness ratio and mannel' of structure support affect the conditioning of 
the stiffness matrix and therefore can be used to check element failures l'elated to 
precision. 
4. Material properties - Poisson's ratio has a strong effect on element accuracy in plane 
strain problems as it's vaLue approaches 0.5. Such values should be included III 
problems if the use of nearly incompressible materials is contemplated. 
3.4 Element verification method 
The fust step in element verification is to search through the finite element package doc-
umentation, or any academic papers that have been produced upon the release of the 
element with some package. Journals such as (Computers and Structures" and the ((Inter-
national Journal for Numerical Methods in Engineering'J are most useful in this respect. 
This literature search will generally be of some assistance in determining the formulation 
of the elements that are able to be used in the package, but it may also be not much use 
3.4. Element verifica.tion method 
lL. Aspect Ratio: (alb) -. 
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Figure 3.2: Types of geometric distortion from a. square plate. 
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at all. For example, in the I/FEM Reference Manual we find the following description of 
the QD8 eight-noded quadrilateral: 
"High-order plates are true shells, unlike the low-order plates. Bending and membrane 
effects are coupled. Their accuracy is far better than the accuracy of low order triangles." 
To extract any more information than this from the reference manual is rather a 
difficult task, and it may end up being more constructive by undertaking a comprehensive 
series of element verification tests, as is outlined in the following section. 
The method undertaken in this project involves testing each element for all the possible 
modes and geometric distortions. The results are then tabulated and a grade assigned to 
each result. The overall grade then shows the suitability, or otherwise, of the element for 
use in a finite element package or analysis. 
3.5 The test problems 
The following section describes the test cases that were used to grade the quadrilateral 
elements of the Intergraph I/FEM product. Only the quadrilateral elements were tested, 
as a model utilising quadrilateral elements should be more economical to solve than a 
triangular model of similar accuracy. 
This series of tests are described in detail by MacNeal, [68], Batoz, [8], and White, 
[103], among others. 
3.5.1 Patch test 
Every set of element tests should include the patch test. Two variations of the patch 
test, a constant membrane stress and a constant bending curvature test are used in this 
element verification. Displacement boundary conditions are used in both of the tests, as 
they are easier to specify than force and moment boundary conditions. The rectangular 
five element patch used for this test is shown in figure 3.3. 
The principle virtue of the patch test is that, if an element produces correct results 
for the test, then any problem solved with that element will converge towards the correct 
solution as the mesh is refined. The reason for this is that the stress within each element 
tends to a uniform value in the limit. Many authorities, including B.M. 1rons[48]' feel that 
any element that fails the patch test should not be trusted.] On the other hand, passing 
the patch test does not guarantee a satisfactory rate of convergence for the element to be 
of any practical use. 
I However, if the basis functions of an element meet. the completeness criterion, the element may well 
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Figure 3.3: Patch test for plates. 
Table 3.1: Patch test geometry. 
Location of inner nodes: 
x y 
1 0.04 0.02 
2 0.18 0.03 
3 0.16 0.08 
4 0.08 0.08 
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Table 3.2: Theoretical Solutions - Patch Test. 
(aJ Membrane plate patch test 
Boundary conditions: u = 1O-3(x + y/2) 
v = 1O-3(x/2 + y) 
Theoretical solution: 
Ex = €y = l' = 10-3 ; CTx = CTy = 1333; Txy = 400 
(bJ Bending plate patch test 
Boundary conditions: w = 1O-3(x2 + xy + y2)/2 
Theoretical solution: 
Bending moments per unit length: 
mx = my = 1.111 * 107 ; m xy = 10-7 
Surface stresses: 
CTx = CTy = ±0.667j Txy = ±O.200 
Ox = 8w/8y = 1O-3(x/2 + y) 
Oy = -8w/8x = 1O-3( -x - y/2) 
3.5.2 Straight cantilever beam 
The straight cantilever beam is a frequently used test problem, which can be applied to 
beam, plate and solid elements. The test is simple, and covers all the principal deformation 
modes, (constant and linearly varying strains and curvat ures), by the application of unit 
loads at the free end of the beam. The theoretical 80lu tions to this test case are given in 
table 3.3. A particularly useful test is that of the straight cantilever beam modelled with 
trapezoidal elements, which tests shear locking. 
Batoz, [8], comments that the critical test for a (single) quadrilateral is usually the case 
of a plate under twist moments with one side fully clamped, which activates differential 
bending. This test is similar to the twist subcase included here, with the beam being 
subdivided into six elements. 
3.5.3 Curved beam 
In the curved beam testcase combinations of the principal deformation modes ca.n be 
evoked by a single in-plane or out-of-plane loads. Because of the non-rectangular element 
shape this case also tests the effect on accuracy of slight element irregularity. 
converge towards the correct solution, for example, the non-conforming BCIZI triangle. 
3.5. Tlw test prohlems 
Thickness=O,1; E~1.0*107 ; V=O.30 
Loading: unit forces at free end. 
Figure 3.4: Straight cantilever beam testcases. 
90· 
<b----R 4.12---"., 
Thickness=O.l; E=1.0*107 ;1J=0.25; 
Loading: unit forces at tip. 
Figure 3 . .5: Curved beam testcase. 
4.32 
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Length=12; width=1.1; t=0.32; 
t wist=90° (root to tip); 
E=29. 0* 1 06 ; u =0.22; 
Loading: unit forces at tip. 
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Figure 3.6: Twisted beam testcase. 
3.5.4 Twisted beam 
This testcase tests the effect of warp on the elements. It should be noted that there is only 
a small amount of warp, 7.5 degrees on each element, but even this causes some surprising 
results. 
The comments by Batoz for the twist subcase of the straight cantilever beam testcase 
apply in this test case as well. 
Table 3.3: Theoretical Solutions - Beam Testcases. 
Tip loading direction Displacement in direction of load 
Straight beam Curved beam Twisted beam 
Extension 
In-plane shear 
Out-of-plane shear 
Twist 
3.0 * 105 
0.1081 
0.4321 
0.03208 
0.08734 
0.5022 
0.005424 
0.001754 
3.5. The test problems 
a 
f--_----,_sY"----m_.,-__ + _________________________ _ 
~---------b----------------~ 
a=2.0; b=2.0 or 10.0: t e O.0001; 
E=1.74 72*10 7 ;v=0.3: 
Boundaries=simply supported or clamped: 
Loading:uniform pressure, q=10'4 or 
central load, P~4.0*10'4. 
Figure 3.7: RectallgulaT plate teslcase. 
3.5.5 Rectangular plate 
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This test originated with the evaluation of the original NASTRAN elements, and has be-
come a de facto standard test and is frequently seen in technical literature. The particular 
geometry tha.t is used for the test is shown)n figure 3.7. Theoretical results for lateral 
displacement at the center are provided in table 3.4 for the all combinations of boundary 
supports, aspect ratio and loading conditions listed. 
This is the first problem in which convergence with decreasing mesh spacing wi1l be 
studied. 
Table 3.4: Theoretical Solutions· Rectangular Plate Testcases. 
Boundary supports Aspect 
ratio 
b/a 
Simple 
Simple 
Clamped 
Clamped 
1.0 
5.0 
1.0 
5.0 
Dlsplacement at center of plate 
Uniform Pressure Concentrated force 
4.062 
12.97 
1.26 
2.56 
11.60 
H>'96 
5.60 
7.23 
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Thickness~0,25; E=4.32*108 ;u=O.O; 
Boundary:ux=uy=o on curved 
Loading: 90.0 per unit area in 
direction. 
Figure 3.8: Scordelis-Lo roof testcase. 
3.5.6 Scordelis-Lo roof 
The Scordelis-Lo roof has achieved the status of a defacto standard test problem. The most 
frequently given test result is the vertical displacement of the midpoint of the free edge. 
While the value for the midside vertical displacement attributed to Ref. [92] is 0.3086, the 
author could not find this testcase, or result, ill this paper and therefore assumed that 
this value was approximately correct. However further investigation revealed a tortuous 
past. Ashwell ill Chapter Six of Ref [4] comments that the analysis method described by 
Scordelis et .a1. is based on the work of Gibson 2, in which the shell geometry is shallow, 
however the load components were calcuated as if the shell was deep, and also that the 
value of Poisson's ratio is incorrect, (using v = 0.3 instead of zero). Ashwell goes on to 
note that several different values have been used as the solution, however the values quoted 
use a value of 3 * 106 lb/sq.in for Young's Modulus, whel'as the problem as specified by 
MacNeal and Harder uses a value of 4.32 * 108 • Even further discussion of this problem 
can be found in the paper by Idelsohn, [46]. 
To enable some meaningful comparisons a value of 0.3024 has been used for normal-
iza,tion of the results, as in [68]. Both membrane and bending behaviour are tested in this 
problem, which is depicted in figure 3.8. 
2The author, upon reading Ref. [92], found that shell theory used in the described computer program 
for shell analysis was in fact based upon a numerical integration of the "Donnell-Jenkins" shell equation. 
3.5. Tile test problems 
F-2.0 
X 
z 
free 
Radius=10.0; t=O.01: E=6.825*107 ;u=O.3 
Loading; concen trated forces as shown. 
Figure 3.9: Spherical shell problem. 
3.5.7 Spherical shell 
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This problem is more correctly a hemispherical shell, (see ftgure 3.9), as the equator is a free 
edge, with four point loads alternating in sign at 90 degree intervals on the equator. The 
hole at the top has been introd uced to avoid t he use of triangles near the axis of revoution. 
While both bending and membrane effects contribute to the result in this problem, this 
particular testcase shows whether or not membrane locking effects an element. Also, since 
the membrane strains are small over most of the shell, this problem tests whether or not 
an element call represent inextensional bending modes. 
Convergence is studied by varying the mesh size. 
A theoretical lower bound for a slightly different configuration, in which the hole at 
the axis is closed, [72]. has been computed as being 0.0924, however a value of 0.0940 has 
been used for normalisation of the results, as in [68]. 
3.5.8 Thick-walled cylinder 
This problem has been chosen to test the effect of a nearly incompressible material. Plane 
strain is the assumed condition which, along with the radial symmetry confines the mate-
rial in all but the radial direction and intensifies the numerical difficulty caused by near 
incompressibility. 
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10 0 t~1.0; E~1000;v~0.49, 0.499, 0.4999; 
Plane strain condition; 
Loading: uni t pressure at inner radius. 
Figure 3.10: Thick-walled cylinder testcase. 
Table 3.5: Theoretical Solution - Thick-Walled Cylinder Testcase. 
Poisson's Ratio 
0.49 
0.499 
0.499 
Radial deflection l' = Rl 
5.0399 X 10-3 
5.0602 X 10-3 
5.0623 X 10-3 
The formula used for radial displacement can be found in Ref. [100]. 
= (1 + v)pRi [R~ (1- 2 ) ] 
u E( R~ _ Ri) l' + V l' 
where p = pressure, Rl = inner radius and R2 = outer radius. 
3.6 Element Verification Results 
Tables of the results from these element verification tests can be seen in Appendix A. 
3.6.1 Patch Test Results 
The results for the QUD four-noded quadrilateral were as expected, with the element 
passing the membrane patch test exactly, and with some error in the bending patch test, 
as would be expected with Zienkiewicz non-conforming triangles being used in the element 
formulation. 
The QD8 higher order quadrilateral elements passed the membrane patch test, or 
'Constant-stress' patch test, and the bending, or 'Constant-curvature' patch test exactly, 
3.6. Element Verification Results 
Table 3.6: Results - Patch test. 
Maximum error in stress 
In-plane loading 
Out-of-plane loading 
QUD 
0.00% 
19.56% 
QD8 
0.00% 
0.00% 
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as would be expected for any conforming plate and shell elements available in a modern 
finite element package. 
3.6.2 Straight Cantilever Beam Results 
The QD8 eight-noded elements performed better in all the deformation modes than the 
QUD four-noded clements, even though in the twisting testcase the improvement over the 
truly poor QUD result is minimal. MacNeal, [69], comments that the cantilever beam test 
is failed badly by most four-noded elements, especially those without drilling freedoms. 
Also noted was the very poor result for the trapezoidal shaped QUD clements in the 
in-plane shear testcase. This is most probably due to the formulation of the element. 
The QUD plate element is formulated by combining a membrane isoparametric element 
with two additional shape functions, and a bending quadrilateral clement, which is itself 
formulated from four cross-lapped Zienkiewicz triangles. This particular trapezoidal sub-
test shows the effect of 'shear locking', with the four-noded membrane isoparametric 
element being particularly severly affected. 
Another effect that may contribute to the poor result is that the aspect ratio of the 
sub-triangles ofthe bending element will be tending towards a large value, possibly leading 
to numerical 'noise' and therefore poor results, [86]. 
White et.al., [103], claims that poor performance of elements in the twisting subcase 
is due to the Kirchoff assumptions that are employed in the formulation of (some of) the 
elements3 and the fact that the thickness of the beam, (and therefore element), is equal to 
one-half the width. He continues on to say that Kirchoff-based elements perform poorly 
for width-to-thickness ratios as high as ten. 
MacNeal, in Ref. [67], attributes the poor performance of the four-noded trapezoidal 
membrane element under this sort of test to the fact that the linear stress capability of 
3The Kirchoff assumption of neglecting transverse shear deformation will lead to a large error in the 
result for low characteristic dimension-to-thickness ratios. 
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Table 3.7: Results - Straight cantilever beam testcases. 
Tip loading direction 
Extension 
In-plane shear 
Out-of-plane shear 
Twist 
Extension 
In-plane shear 
Out-of-plane shear 
Twist 
Extension 
In-plane shear 
Out-of-plane shear 
Twist 
Normalized tip displacement in direction of load 
QUD QD8 
( a) Rectangular elements 
1.000 1.000 
0.993 
0.979 
0.006 
(b) Trapezoidal elements 
1.000 
0.998 
0.010 
1.000 1.000 
0.222 
0.952 
0.006 
0.999 
0.995 
0.010 
(c) Parallelogram elements 
1.000 1.000 
0.786 
0.924 
0.004 
1.000 
0.998 
0.010 
such elements is limited to inplane bending along the principal directions of rectangles 
and parallelograms. 
3.6.3 Curved Beam Results 
The QD8 element pa.'3ses this test case for both in-plane and out-of-plane loadings, the 
QUD element however, does not perform as well, barely passing for in-plane loading, 
showing the effect of shear locking, but failing in the out-of-plane subcase, the influence of 
the aspect ratio of the sub-triangles of the plate bending element doubtless contributing 
towards the poor results noted. White et.al., [103], again attributes poor performance 
of some elements in this testcase to the Kirchoff assumptions that are employed in the 
formulation of the element as twisting is a major component of the out-of-plane load case. 
3.6.4 Twisted Beam Results 
The IjFEM shell elements all produced poor results in this testcase, failing badly, with 
the QUD element producing better results than the QD8 element. In some respects this 
3.6. Element Verification Results 
Table 3.8: Results - Curved beam testcase. 
Tip loading direction 
In-plane (vertical) 
Ou t-of-plane 
Normalized tip displacement in direction ofload 
QUD QD8 
0.888 1.013 
0.717 0,962 
Table 3.9: Results - Twisted beam testcase. 
Tip loading direction 
In-plane 
Out-of-plane 
Normalized tip displacement in direction of load 
QUD QD8 
1.411 1.782 
1.431 1.807 
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test case is similar to the twisting of the straight cantilever beam that has already been 
commented upon. 
Haftka and Robinson, [38], found that conventional four-noded membrane quadrilat-
erals responded particularly badly to this type of deformation, with the results for a linear 
strain quadrilateral element widely scattered, even for small out-of-plane distOl'tions. 
The reason fOl' the poor performance of t~le higher order quadrilateral elements in this 
testcase can only be attributed to the formulation employed, and that the isoparametric 
mapping functions cannot adequately describe the deformation of the element, when they 
are also required to account for the curved boundaries of the element. (This same effect 
will occur for the membrane part of the four-noded shell element). 
In Ref. [68J the failure of the QUAD2 element in this test is attributed to a misalign-
ment of moments at interelement boundaries, leading to an unresisted moment about the 
normal to the surface of the element. In this case however, due to a lack of such explicit 
information, it can only be concluded that both quadrilateral elements are very sensitive 
to warping of the geometry. 
3.6.5 Results for rectangular plate 
In this series of testcases the QUD element proved to be superior to the QD8 element, 
producing a more stable solution that appeared to converge to the analytic solution as 
given in [100J. The QD8 element results were very unstable, ie. they dipped to a value 
far below that of the analytic solution and only converged very slowly for increasing mesh 
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Figure 3.11: Results: Simply Supported plate under concentrated loading. 
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density, especially in the subcases with clamped boundary conditions. It would appear 
that membrane locking effects are predominating when clamped boundary conditions are 
used, the boundary conditions acting as excessive constraints on the behaviour of the QD8 
element. 
In the series of graphs, the convergence of the QUD and QD8 shell elements can be 
seen. The percentage error of the solution is plotted with the total number of degrees of 
freedom as the abscissa of the problem, to show the efficiency of the various elements in 
providing a correct solution. 
3.6.6 Results for Scordelis-Lo roof 
The deflection of a reference point, the midside of the free edge, is plotted against the 
total number of degrees of freedom. It can be seen that both quadrilaterals have a mono-
tomic convergence trend, with similar efficiency in achieving the normalised solution, (and 
overshooting slightly). 
It is noted that the QUD element converges slowly to the normalized solution for this 
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Figure 3.12: ResuIls: Simply supported plate under uniformly distribuled loading. 
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Figure 3.13: Results: Clamped plate under concentrated loading. 
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Figure 3.14: Results: Clamped plate under uniformly distributed loading. 
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Figure 3.15: Results: Scordelis-Lo roof. 
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single curvature shell problem, showing the effect of memb'rane locking, and also the fact 
that a facet shell approximation requires a number of elements to effectively model a 
curved surface. 
The QD8 element appeared to converge to a solution below the "correct" solution, 
however upon reading Ref. [46], it is possible that the element is converging to the shallow 
shell solution mentioned, in which the deflection is about 3.5% larger. 
Of the two elements tested, the QUD (four-noded quadrilateral) element gives a better 
results trend than the QD8 (eight-noded quadrilateral) element. 
3.6.7 Results for spherical shell 
In this doubly-curved convergence study the QUD element again proved to be faster than 
the QD8 element in achieving the given solution. The convergence was monotomic in both 
cases4 , although the final displacement value for both elements appeared to be slightly less 
than that used for normalization of the results. 
4 If the first, very coarse mesh model using the QD8 elements is ignored 
3.6. Element Verifica.tion Results 69 
Figure 3.16: Results: Hemispherical shell. 
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This problem is a particularly challenging test of the abiJjty of an element to represent 
inextensional bending modes, since the membrane strains are small over most of the shell, 
[103], and in this respect it appears that the QUD element is more accurate. 
3.6.8 Results for thick-walled cylinder 
The results for the thick-walled cylinder testcase are good considering the extreme nu-
merical difficulty of the problem, the QUD four-noded elements performing slightly better 
than the QD8 eight-noded elements. 
It could be concluded, from this testcase, that the l/FEM quadrilateral shell elements 
perform well in near incompressible problems. 
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Table 3.10: Results: Thick-Walled Cylinder Testcase. 
Poisson's Ratio 
0.49 
0.499 
0.4999 
Normalised Radial deflection l' = Rl 
QUD elements 
1.0871 
1.0869 
1.0868 
QD8 elements 
1.0951 
1.0951 
1.0951 
3.7 Element Verification Results Summary 
The results for the patch test were as expected, both elements passing the constant stress 
(in-plane) patch test exactly, the QD8 element also passing the constant curvature (out-
of-plane) patch test. The QUD element did not pass this test due to the non-conforming 
elements used to form the plate-bending part of the element. 
The QD8 element out-performed the QUD element in all the straight cantilever beam 
testcases, although the performance of both elements in the twisting subcase was partic-
ularly bad. The QUD element also performed poorly in the in-plane shear sub case for 
trapezoidal shaped elements. 
The curved beam test case showed that both elements are sensitive to slight irregularity 
of element shape, and also that the QUD element again had problems with representing 
the twisting that occurs in the out-of-plane sub case. 
Both elements performed exceedingly poorly in the twisted beam test case, with the 
QUD element out-performing the QD8 element, but still failing. 
The normalised deflection trends exhibited by the QUD element were in general better 
than those exhibited by the QD8 element in the square and rectangular plate testcases. 
The QUD element converged in a manner that gave some confidence in the element, wheras 
the trend in deflection from the QD8 element meshes, especially in the cases with clamped 
boundary conditions where membrane locking occured was certainly not monotomic. 
The QUD element again out-performed the QD8 element in the Scordelis-Lo roof 
testcase, converging to the normalised solution more quickly. 
The hemispherical shell test case showed the QUD element more economical in achiev-
ing the normalised solution, the QD8 element apparently converging towards a different 
solution. 
Both of the IjFEM quadrilateral elements gave results that were acceptable in the 
incompressible material - plane strain testcase, the solutions achieved being only slightly 
3.8. Element Verification Conclusions 
Table 3.11: Rules for assigning results grades. 
Grades 
A 
B 
C 
D 
F 
Rules 
2% 2: error 
10% 2: error 2: 2% 
20% 2: error 2: 10% 
50% 2: error 2: 20% 
error 2: 50% 
different to the theoretical solution given in Ref. [68]. 
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Grading of the Element Accuracy. A letter grade is given for the accuracy of the 
element, the rules used for assigning the grades are given in table 3.11. 
Where more than one case contributes to a letter grade, the absolute errors have been 
averaged before assigning a letter grade. 
The results used for table 3.12 are, in general, given in the element verification ex-
amples in Chapter 11 of the I/FEM Reference Manual. The remainder of the tests being 
modifications of these, or new files created from scratch. 
3.8 Element Verification Conclusions 
As a result of this investigation into the plate and shell element library of the Intergraph 
I/FEM package, the elements have been ranked in order of accuracy for the proposed 
application of analysing the C. W. F. Hamilton Model 273 Reverse Duct. 
The results obtained for both the QUD and QD8 elements are disapointing in view of 
the excellence of the rest of the Intergraph products available, but it is taken from this 
study that the elements will produce solutions of 'engineering' accuracy. 
Of the quadrilateral elements, the four-noded QUD element produced more acceptable 
results, while failing the testcases in which twisting was a major component of the load. 
The QUD element consistently displayed a faster and more reliable trend towards the 
normalised displacement solution in the test cases in which single or double curvature was 
involved. 
The eight-noded QD8 element, on the other hand while producing better results even-
tually in some of the testcases, displayed very poor convergence characteristics. The QD8 
performed similarly to the QUD element in the twisting loadcases, very poorly indeed, 
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Table 3.12: Results summary. 
Test Element Loading Element QUD QDS 
In-plane Out-of-plane shape 
(1) Membrane Patch Test X Irr egul aI' A A 
(2) Bending Patch Test X Irregular B A 
(3) Straight beam, extension X All A A 
(4) Straight beam, bending X Regular A A 
(5) Straight beam, bending X Irregular l!' A 
(6) Straight beam, bending X Regular B A 
(7) Straight beam, bending X Irregular B A 
(S) Straight beam, twist All It' It' 
(9) Curved beam X Regular B A 
(10) Curved beam X Regular D B 
(11) Twisted beam X X Regular D l!' 
(12) Rectangular plate (N=4) X Regular B D 
(13) Scordelis-Lo roof (N =4) X X Regular B B 
(14) Spherical shell (N =S) X X Regular A B 
(15) Thick-walled cylinder X Regular A A 
(II 0.4999) 
Number of failed tests 4 3 
(D's & l!"s) 
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and for the increase in the computational effort required, the QD8 eight-noded elements 
displayed no major advantage over the simpler four-noded elements. 
Therefore the QUD four-noded quadrilateral shell element was chosen over the QD8 
eight-noded quadrilateral shell element for the analysis of the 273 Reverse Duct, as it 
should produce results of engineering or acceptable accuracy and as the model is fur-
ther refined, if required, the elements will converge towards a correct solution in a more 
economical manner. 
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Chapter 4 
Control Volume Theory for 
Analysis of the Reverse Duct. 
4.1 Introduction 
In 1991, a research project for study in a Masters degl'ee was proposed between the author 
and C.W.F. Hamilton Ltd. The proposed course of events was that several components of a 
waterjet unit currently in production would ~e analysed using the Intergraph I/FEM finite 
element package, followed by experimental verification using strain gauges and similar 
methods. However due to difficulties, both with the software and in procuring suitable 
funding, this project was shortened to cover analysis of the reverse duct of a jet unit, as 
well as extensive work in verifying the plate and shell elements available on the I/FEM 
package. 
The first problem in the analysis of the reversing duct is that of the determination of the 
loads to adequately and accurately model the in-service stresses. A theoretical analysis of 
the forces on t he bucket was undertaken, using the concepts of conservation of momentum, 
control volumes, and ignoring the internal flow regimes, for example "swirling" effects. 
Tllis chapter covers the theoretical analysis used to derive the forces, and hence pres-
sures on the reverse duct. The result of this analysis was a spreadsheet which, given a 
set of reverse duct design angles and the input conditions, could calculate the forces that 
were being transmitted through the duct. 
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L. 
y 
Figure 4.1: Duct Design Angles. 
4.2 Initial assumptions in the force analysis 
Consider the reverse duct in operation, with the fluid entering along the centerline of, 
and flowing down one 'runner' or side. The overall force imparted to the duct can be 
calculated using the principle of conservation of momentum, ie. the force applied is equal 
and opposite to the change in the fluid momentum. 
Now at constant operating conditions, the amount of fluid flowing through the duct is . 
the same at all times of operation, (mass continuity is maintained). In other words, the 
amount of water flowing into the duct is equal to the amount of fluid leaving the duct in 
the same time period. 
In an initial simplistic case, the magnitude of the fluid velocity can be considered 
constant, therefore tIle change in the momentum of the Huid is simply due to the change 
in fluid velocity. Later, (as CWFH do), this change in the magnitude of the fluid velocity 
is accounted for by the inclusion of a duct efficiency factor, which is defined as TJ =11 Vz II 
/ II VI II, where the initial velocity into the duct is VI, and the velocity out of the duct is 
The initial direction of the fluid velocity, along the jet centerline, IS taken as being 
L 
z 
4.2. Initia.l a.ssumptions in tIle force a.na.lysis 
z y 
x 
x 
(- centre-line of 
reverse duct> 
h 
Figure 4.2: Coordinate System. 
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along the x-axis, parallel to the centerline of the vessel, with the y-axis being taken as 
para.llel to the perceived fluid surface and the z-axis being taken as perpendicular to the 
fluid surface. 
Now the fluid is turned in two directions in the runner, being deflected through an 
angle, (), of approximately 40 degrees in the x - y plane, and deflected downwards in 
the x - z plane, <p, approximately 30 degrees from the intake end, these values varying 
depending on the particular jet unit being considered. 
A factor to simplify this analysis is the fact that the actual angle through which the 
fluid is deflected downwards is not the vertical discharge direction, (), or the duct design 
angle, (3, but a function of () and the horizontal discharge direction, <p. 
Therefore to simplify the analysis of the duct forces, a new angle will be defined. 
This angle, the 'Modified Vertical Displacement Angle' or 0, will simplify the analysis 
of the duct velocities, and hence forces, considerably by enabling the use of spherical 
polar coordinates. The use of this angle has the effect of slightly decreasing the angle 
through which the fluid is deflected in the cases we are considering. Therefore the following 
calculations shall use this modified vertical discharge direction, 0. 
Nowh x tan () 
and hi r tan 0 
But h hi 
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or 
x tan8 
Also x 
:. r 
r tan0 
r cos¢; 
xl cos¢; 
x tan 8 x tan 0 I cos ¢; 
:. tan 0 = tan () * cos ¢; 
o tan-1(tan() * cos ¢;) 
'Modified Vertical Displacement Angle' 
4.3 Force Analysis 
4.3.1 Derivation of concentrated forces at a point on the duct 
Now consider only velocity changes in the x - y planej 
The x-velocity in 
The x-velocity out 
V2 cos(180 - ¢;) 
-V2 cos ¢; 
The y-velocity in vl y 
o 
The y-velodty out V2y 
V2 sin(180 - ¢;) 
V2 sin ¢; 
Now consider velocity changes only in the x - z plane; 
The x-velocity in 
The x-velocity out V2x 
V2 cos(180 - 0) 
(4.1) 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
(4.6) 
(4.7) 
4.3. Force Analysis 
The z-velocity in VIz 
o 
The z-velocity out V2z 
V2 sin(180 - 0) 
V2 sin 0 
Therefore the overall 3-dimensional velocity changes are: 
The x-velocity in vJx 
VI 
The x,velocity out V2x 
V2 cos(180 - ¢) cos(180 - 0) 
V2 cos ¢ cos 0 
The y-velocity in VIy 
0 
The y-velocity out V2y 
-V2 sin(180 - ¢) cos(180 - 0) 
V2 sin ¢ cos 0 
The z-velocity in = Viz 
o 
The z-velocity in V2z 
-V2 sin(180 - 0) 
-V2 sin e 
Therefore the resultant forces on the duct can be calculated: 
p Q (Vi - V2 cos ¢ cos e) 
- p Q V2 sin ¢ cos e 
79 
(4.8) 
(4.9) 
( 4.10) 
(4.11) 
(4.12) 
( 4.13) 
(4.14) 
( 4.15) 
( 4.16) 
( 4.17) 
( 4.18) 
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( 4.19) 
Note: if the duct efficiency factor, 1] , is included, then the resultant forces will become: 
p Q VI (1 - 1] cos 1> cos 8 ) 
- p Q 1] VI sin 1> cos 8 
p Q 1] VI sin 8 
The magnitude of the total resultant force is therefore: 
and the direction of the resultants: 
1>' = tan-I(Fyl Fx) (In x - y plane measured clockwise around z axis) 
(from (I = 180°,1> = 180°) 
8' = tan -1 (Fz I Fx) (In x - z plane measured clockwise around y axis) 
(from (I = 180°,1> = 180°) 
( 4.20) 
(4.21) 
(4.22) 
( 4.23) 
(4.24) 
(4.25) 
As a check, compare the results of these formulae with a worked example in a fluid 
mechanics text, Douglas, Gasiorek and Swaffield [5l]. 
Example 5.3 - Force due to Deflection of a Jet by a Curved Vane. 
In the coordinate system previously defined, the variables are as follows: 
p Q 0.8 m 3 Is 
VI 30 mls 
8 180° 
Using eqns. (4.20) and (4.21): 
Fx p Q (VI - V2 cos 1> cos 8 ) 
4.3. Force Analysis 
= 0.8(30 - 25 cos 120 cos 180) 
0.8(30 - 12.5) 
14N 
Fy - p Q 'V2 sin ¢ cos e 
-0.8 * 25 sin 120 cos 180 
0.8 * 25 sin 120 
17.32 N 
Both these values agree exactly with the values and directions given in D.G.S. 
Rearrange the example in another plane, (the x z plane). 
In the given coordinate system the variables are as follows: 
pQ 0.8 m3 /tl 
VI = 30 m/<~ 
0 1200 
V2 25 m/s. 
¢ 1800 
Using eqns. (4.20) and (4.22): 
Fx p Q( VI - V2 cos ¢ cos 0) 
0.8(30 - 25 cos 180 cos 120) 
;;::: 0.8(30 - 12.5) 
- 14N 
Fz P Q Vz sin 0 
0.8 * 25 sin 120 
Both these values agree exactly with tIle values and dhections given in D.G.S. 
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4.3.2 Derivation of a line of fluid force vectors around the duct 
Now this simple vector representation ofthe forces on the duct is rather too simple for an 
accurate analysis of the duct, therefore the next step is to consider incremental changes 
in angle around the duct and the effect this has on the forces around the fluid path in the 
duct. 
For incremental angle changes the overall 3-dimensional velocity changes are: 
The x-velocity in Vix 
VI cos (PI cos 0 1 
The x-velocity out v2x 
v2 cos (P2 cos O2 
The y-velocity in Vly 
VI sin{PI cos 0 1 
The y-velocity out V2y 
V2 sin ¢2 cos O2 
The z-velocity in VIz 
-VI sin 0 1 
The z-velocity out = V2z 
-V2 sin O2 
Therefore the resultant forces on the duct are: 
pQ( VI cos ¢I cos 0 1 - V2 cos (P2 cos O2 ), 
pQ (VI sin (PI cos 0 1 - V2 sin ¢2 cos O2 ) 
-pQ(Vl sin 0 1 - v2 sin O2 ) 
( 4.26) 
( 4.27) 
( 4.28) 
(4.29) 
( 4.30) 
( 4.31) 
(4.32) 
( 4.33) 
(4.34 ) 
Note: if the duct efficiency factor, ry , is included, then the resultant forces will become: 
( 4.35) 
4.3. Force Analysis 
p Q VI (sin (Pt cos 0 1 - T/ sin (h cos O2 
As before, the magnitude of the total resultant force is: 
the direction of the resultants being calculated as before. 
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( 4.36) 
( 4.37) 
(4.38) 
As a check on this again compare the results of these formulae with a worked example 
in a fluid mechanics text, Douglas, Gasiorek and Swaffield [51]. 
Example 5.3 - Force due to Deflection of a Jet by a Curved Vane. 
In the given coordinate system the variables are as follows: 
pQ = 0.8 m3 /s 
VI 30 m/s 
0 1 1800 
O2 1800 
V2 25 m/s 
4>1 1800 
4>2 1200 
Using eqns (4.32) and (4.33): 
Fx P Q( VI cos 4>1 cos 0 1 - V2 cos 4>2 cos O2 ) 
0.8(30 cos 180 cos 180 - 25 cos 120 cos 180) 
0.8(30 - 12.5) 
14N 
Fy p Q( VI sin 4>1 cos 0 1 - V2 sin 4>2 cos O2) 
0.8(30 sin 180 cos 180 - 25 sin 120 cos 180) 
0.8 * 25 sin 120 
17.32 N 
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Both these values agree exactly with the values given in D.G.S. 
Rearrange the example in another plane, (the x - z plane). 
In the given coordinate system the variables are as follows: 
pQ 0.8 m 3 Is 
VI 30 mls 
0 1 1800 
O2 1200 
V2 25 mls 
<PI 1800 
<P2 = 1800 
Using eqns (4.32) and (4.34): 
Fre p Q( VI cos <PI cos 0 1 - V2 cos <P2 cos O2 ) 
0.8(30 cos 180 cos 180 - 25 cos 120 cos 180) 
0.8(30 - 12.5) 
= 14N 
Fz -p Q( VI sin 0 1 - V2 sin O2 ) 
-0.8(30 sin 180 - 25 sin 120) 
0.8 * 25 sin 120 
17.32 N 
Both these values agree exactly with the values given in D.G.S. 
4.3.3 Accuracy of the Control Volume Analysis. 
Fluid Force Line. 
A point which must be considered at this stage is that the fluid does not flow around a 
simple line in the duct, but around a complex path over the inner surface. This 'fluid 
force line' should be determined by careful study of the fluid paths, or by the use of some 
computational fluid dynamics package if possible. 
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The amount of fluid flowing through the duct has a major effect on the fluid force line. 
When the reverse duct is being lowered into the fluid stream, only a small amount of fluid 
is flowing through the duct, the fluid entering at the lower bottom corner of the inlet, and 
exiting at the upper top corner of the outlet. As the amount of fluid flowing through the 
duct increases, the duct fills up from these two corners respectively. This means that the 
fluid force line is a path somewhere across the flat of the duct. A simple curve between 
these two corners would do for a first approximation, but this is inaccurate, and would be 
better approximated by a line which follows a horizontal plane around the duct, until this 
plane contacts the edge of the back, (flat) surface, and then follows this join line around 
to the exit corner. For this analysis, using maximum forces, only the maximum amount 
of fluid flowing in the duct needs to be considered. 
Another point to consider is that the fluid doesn't actually enter the reverse duct 
along the centerline of the unit if a turn is being undertaken, (for example in the worst 
full reverse, full steering loadcase), due to the effect of the steering nozzle/deflector. This 
can be taken account of if the spatial positions of the nozzle and the duct are known, and 
was included in the calculations by the addition of a "Fluid entry angle", Yj, calculated 
from the documentation that is supplied with the Model 273 jet unit. 
To more exactly model the flow, it is likely that the fluid deflected by the nozzle doesn't 
follow the centerline of the nozzle, and this must be investigated if a more exact solution 
is desired, however time constraints, among; others, dictated that this consideration be 
ignored. 
Other Avenues for Force Analysis. 
Several other methods of calculating the forces and pressures on the duct are available, 
and given more time and funding these could be investigated further. 
CFD Packages. A computational fluid dynamics package currently available in the 
Mechanical Engineering Department, Fluent 3-D, does appear to be useful for determining 
this fluid force distribution over the duct surface. Although the program does not accept 
free surfaces on the fluid, which are present in the reverse duct, some approximation could 
be made in order to determine the position and relative magnitude of the forces/pressures 
on the duct surfaces. 
Other computer packages are available which accept free surfaces on the fluid and these 
would be useful for determining the fluid force distribution over the inner surface of the 
duct, although, similar to the finite element method, the simplifying assumptions made 
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to enable a reasonable model will decrease the solution accuracy. 
Measurement of Reverse Duct Pressures. The other alternative to some form of 
model of the fluid flow in the duct is to simply place pressure taps around the ducts and 
to measure the pressures at points around the duct to build up an overall picture of the 
distribution. The advantage of this method is that it is accurate (within experimental 
errors) and the results may give a general picture which could be used as a guide for 
other sizes of reverse duct. However the results may only be valid for one particular size 
of reverse duct, and the process of instrumentation and testing may have to be repeated 
for the other sizes of duct, and certainly if any change in duct shape is to be modelled, 
the forces on any modified shape duct will not be accurately known until a casting or 
fabrication has been made and tested. 
4.3.4 Derivation of Pressure Loads. 
While concentrated forces wi11 give a general representation of the stresses in the duct, 
at a distance from the point at which the forces are applied, (Saint Venant's theorem), it 
would be more desirable to apply pressures across the inner surface of the duct. 
In the absence of pressure distribution data, or computer models of the reverse duct 
fluid flows, a simple approximation was made about the pressure distribution in the duct. 
It was assumed that a uniform pressures acted over the rear and upper surfaces of the 
duct. 
The method employed in this analysis for derivation of the pressure values was to 
calculate a pressure load based on the approximate projected areas and force values in the 
x- and y-directions. These values were then applied to the appropriate surfaces of the 
model and the model solved. The resultant forces were then checked from the program 
output, compared to the values from the concentrated force loadcases and the pressures 
adjusted to correct values using simultaneous equations. 
Upon re-anaJysis the corrected pressure values were found to provide the correct re-
sultant forces, and were used in the ensuing analysis. 
4.4 Conclusions-Control Volume Force Analysis 
Two main loadcases are expected to be analysed, these being "crash" stops from 25 knots 
with no-steering and full-steering. In comparing the formulae that have been derived in 
this chapter, and the formulae from the C.W.F. Hamilton Reverse Duct Standard, [63], 
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the formulae described herein predict the resultant force to be about 2 % less for the 
former loadcase, and 12 % less for the latter. This discrepancy is due to the fact that the 
formulae derived here account for the vertical force applied to the duct, and also account 
for the angle that the fluid from the jet unit nozzle impinges on the reverse duct. 
The formulae derived in this chapter have been used for the calculation of the forces 
and pressure loads to be applied to the finite element model which is described in the 
following chapter, as the author understands the derivations, and has confidence in the 
formulae. 
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C11apter 5 
Finite Element Modelling and 
Analysis of the 273 Reverse Duct 
5.1 Introduction 
This chapter covers the finite element mode]Jjng and su bsequent analysis results of the 
C.W.F. Hamilton Ltd. Model 273 reverse duct. The generation of a shell element model 
is briefly described herein, followed by the analysis, results and conclusions. 
5.2 Modelling 
The analysis was undertaken in the following manner: 
1. A brief study of the existing design methods for CWFH reverse ducts. 
2. The generation of a shell element model of the 273 reverse duct. 
3. The derivation of correct appropriate loads to be applied to the model for the load-
cases. 
4. The finite element analysis. 
5.3 Steps in the Analysis 
5.3.1 Existing design methods for waterjet reverse ducts. 
The current method of designing a reverse duct for a jet unit involves empirical formulae for 
determining stress in small sections of the duct. As the complex shape does not easily lend 
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itself to simple approximations, experience and an intuitive 'feel' for the expected stresses 
and highly stressed regions in the duct has been utilised in the past. The forces applied to 
the duct are calculated with reasonable accuracy using the control volume theory covered 
in the previous chapter, and the path of these forces can be visualised in the simpler ducts. 
As the ducts become more complex, due to increasing power throughputs, and the need for 
better power-to-weight ratios, these force paths are becoming more and more convoluted 
and harder to visualise. 
The current criteria for determining whether or not a reverse duct will be adequate 
in service is based upon the calculation of the normal stress in the reverse duct arms. 
This normal stress is calculated by dividing the force applied to the reverse duct by the 
cross-sectional area of the arm, a value of about 15 MPa being taken as being acceptable. 
Considering the material properties of the aluminium alloy used to construct the reverse 
duct, (Appendix C), and the limited portion ofthe reverse duct about which the magnitude 
of the stresses are known, a finite element analysis, or testing program is desirable. 
C.W.F. Hamilton Ltd. have produced an internal design standard to aid with the 
design of the reverse ducts, and a simple program for calculation of expected forces is also 
available to aid the designer. Finite element analysis, using a reliable package, has the 
ability to model very complex shapes with a reasonable degree of accuracy, and this has 
been utilised in the redesign of parts of their jet units, in an effort to minimise wastage in 
castings and reduce weight while maintaining an acceptable factor of safety for operation. 
5.3.2 The I/FEM Finite Element Program. 
The Intergraph IjFEM finite element program is part of the Intergraph IjEMS modelling 
system, which is an integrated suite of programs covering basic draughting through to 
milling, casting and a finite element program. This set of programs is running on an In-
tergraph Unix workstation in the Mechanical Engineering Department of the Engineering 
School at the Unversity of Canterbury. 
The IjFEM finite element package can be used in several ways. As a finite element 
package in its own right, running on top of the IjEMS environment, or as a pre- and 
post-processor, with the analysis being done by an appropriate third party solver, such 
as MSCjNASTRAN or ANSYS. 
In this project IjFEM was used as the solver, the shortcomings of the shell element 
library being overlooked 1 , as no other comprehensive solver was readily available with the 
IThe shell elements selected are expected to provide results of 'engineering accuracy' for the complex 
geometry, based upon the element verification detailed in Chapter Three. 
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ability to solve the complicated model of the reverse duct. 
5.3.3 Generation of a shell element model. 
Initially a solid model of the reverse duct was constructed from the supplied drawings, [62], 
but as the reverse duct had geometry which would lend itself to a simpler shell element 
model, a separate shell element model was constructed, and analysed. 
Other advantages which can be cited for using a shell element model in preference over 
a solid model include economy, both in creation time, solver time and storage requirements. 
The same drawings, supplied by C.W.F. Ha.milton Ltd. were used to generate the shell 
element model of the reverse duct, which can be seen in figure 5.1. Problems were found 
in the creation of an accurate model, as the drawings could not adequately convey the 
three-dimensional compound curves and junctions that are employed in the construction 
of the duct. As close an approximation as was possible, within reasonable bounds, was 
drawn on the Intergraph Engineering :ModeJ1iug System, IjEMS. The powerful geometry 
manipulation commands that are built into the package, such as the abllity to perform 
Boolean operations on solids and surfaces proved to be a lifesaver for this project. 
5.3.4 Derivation of Forces 
The dedvation of the forces to be applied to the CWFH Model 273 reverse duct used 
information supplied by Mr M. Hamilton in his visit to The University of Canterbury on 
Thursday, November 26, 1992. 
These figures were checked in a spreadsheet, using the formulae of the previous chapter 
as a basis for the calculations. See Appendix B.1 for a printout of this spreadsheet. These 
forces values were subsequently applied to a shell element model generated from drawings 
supplied by CWFH. 
Derivation of point loads 
Given o,{3, £: and I from drawings supplied by C.W.F. Hamilton Ltd [62]. 
1. Calculate ¢,O and 0 
¢ tan-1 (tan(180 - a) cos(3) 
o tan-1 (tan{3 tan ¢) 
o tan-1 (tan{3 sin ¢) 
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Figure 5.1: Shell element model of the 273 Reverse Duct. 
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2. Cakulate Fx , Fy , Fz , FR, 0', ¢' using eqns (4.32-4.34) and (4.38): 
pQ( VI cos ¢1 cos 0 1 - V2 cos ¢2 cos O2 ), 
pQ (VI sin ¢1 cos 0 1 - V2 sin ¢2 cos O2 ) 
-pQ( vI sin 0 1 - V2 sin O2 ) 
1 
(F2 + F2 + F2)"2 x y z 
and the direction ofthe resultants, from eqns (4.24) and (4.25): 
¢' = tan -1 (Fy / Fx) (In x - y plane measured clockwise around z axis) 
(from () = 180", ¢ = 180°) 
8' = tan-1(Fz/ FE) (In x - z plane measured clockwise around y axis) 
(from () = 180°, ¢ = 180°) 
Derivation of pressure loads 
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To generate the pressure loadings, approximate projected areas in the x- and y-directions 
were calculated, using the Intergraph Engineering Modelling System or I/EMS. These 
pressures were then applied to the model, an analysis run and then the resultant reactions 
checked against the required forces. 
These pressures were then recalculated on the basis of this analysis, new pressures 
applied and the analysis rerun. The recalculated pressures gave acceptable reaction results, 
and were then used for the complete analysis. 
5.3.5 Summary of Loadcases. 
The boundary conditions applied in all the loadcases were to simulate a bearing surface 
at the reverse duct pivots. This was done by constraining all displacements, (Tx, Ty and 
Tz), in the forward side of the pivot hole. 
Two models were run for each loadcase, a pressure loadcase and a concentrated force 
loadcase, as a check on the accuracy of the pressure loads that were applied to the model. 
1. A full reverse load evenly split between the ducts, ie. no steering. This load is 
applied as a 0.21959 MPa pressure load on the rear fiat surface of the ducts, and a 
0.34136 MPa pressure load over the upper fiat surface of both ducts. 
2. A full reverse load evenly split between the ducts, ie. no steering. This load is 
applied as two 12447 N vector forces acting at a point half way around each duct. 
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3. A full reverse, full steering load, ie applied to one duct only. This load is applied as 
a 0.43992 MPa pressure load over the rear fiat surface of one duct, and a 0.66951 
MPa pressure load over the upper flat surface of the same duct. 
4. A full reverse load applied to one duct, ie full steering. This load is applied as a 
21883 N vector force acting at a point half way around the starboard duct. 
5.4 Analysis results 
The discussion of the analysis results can be best understood when read in conjunction 
with the plates in Appendix D. The stress types mentioned refer to Hencky-Von-Mises 
stresses, with the TOP, MID or BOT referring to the top, middle or bottom surfaces of 
the shell element model, for example HVMTOP refers to the Hencky-Von-Mises stress on 
the top surface of the shell element. 
The results for each main loadcase are briefly discussed in two parts, stresses and 
displacements. The stress values are computed at the center of each element, and then 
averaged to the node points, as is discussed in Section 2.5.1. 
5.4.1 Loadcase One: Full Reverse, no steering. 
Maximum Stress Values. The maximum HVMTOP stress was 152 MPa, the HVM-
MID stress 44 MPa, and the HVMBOT stress 111 MPa. 
Stresses 
The stresses calculated in the analysis initially seemed rather high, the maximum Von 
Mises stress being 152 MPa. However the maximum stress is concentrated in two small 
areas, where the arms of the reverse duct connect to the ducts, (see Figures D.1 to D.3). 
This is an area where the model geometry is not very representative of the actual geometry, 
(see Section 5.5.1), due to the fact that this is a s]lel] e1ement model, attempting to model 
complex three-dimensional solid intersections. 
Overall the stresses in the model ducts are within a reasonable range, 1E-4 to 45 MPa, 
the arms of the duct, and the splashguard having stresses in the range 1E-4 to 15 MPa, 
the average stress across the arm where the pivot 'block' connects to the arm being 15.8 
MPa. 
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Displacements 
The displacement mode of this model was as the author expected. As the pressure was 
applied to the rear- and upper flat surfaces of the duct, the arms lengthened slightly, and 
the outer ends of the ducts tended to move rearward relative to the rest of the reverse 
duct. This is to be expected, as the water pressure acts upon the duct it will tend to 
straighten the ducts. 
The influence of the water pressure on the reverse duct itself, is to tend to distort 
the 'D' cross-sectional shape of the duct to a more elliptic shape. This can be seen in 
the deflected shape figure, (Figure D.13), where the rear flat surface of the duct has been 
distorted into a curved shape, and the upper flat surface of the duct has attempted to 
take on a smoother curve from the junction of the arms to the rear of the duct. 
5.4.2 Loadcase Two 
The results from this loadcase were very close to tllOse results generated from loadcase one, 
with a pressure load. The major difference is that a high stress area, (45-55 MPa), can 
be seen around the area where the concentrated vector forces were applied to the model. 
This is expected behaviour, and should be ignored for the purposes of this analysis. 
The displacement mode was also very similar to those in loadcase one, with the ex-
ception again being in the vicinity of the point load, where a localised 'dimple' can be 
observed. 
5.4.3 Loadcase Three: Full Reverse, full steering 
Maximum Stress Values. The maximum HVMTOP stress was 127 MPa, the HVM-
MID stress 63 MPa, and the HVMBOT stress 168 MPa. 
Stresses 
The full reverse - full steering load case was expected to generate the highest stresses, and 
this was confirmed by the following two loadcases. 
For this loadcase it was assumed that the fluid was being deflected through the side 
of the reverse duct which did not have the actuator lug and associated reinforcment, and 
was therefore the weakest side. 
The side, and arms of the reverse duct through which the fluid is being deflected are 
much more highly stressed than the other side of the reverse duct. The maximum Von 
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Mises stress of 150 MPa was again in the vicinity of the junction of the reverse duct arms 
and the duct on that particular side. This is expected as the force path travels directly 
from the duct through the arm to the pivot. 
The stresses in the high-stressed arm of the reverse duct were in the range of lE-4 to 
29 MPa, the average stress across the arm where the pivot 'block' connects to the arms 
being 26.1 MPa. 
The stresses in the duct, through which all the fluid is being deflected, are in the range 
of 15-73 MPa. The high stresses being in areas where the duct is being deformed by the 
water pressure. 
Displacements 
The displacement mode for this duct was again as expected. The deformation mode itself 
can be split into two main pa,rts: 
1. A torsional effect due to the reaction from the fluid being turned downwards on one 
side of the duct, 
2. A straightening of the duct through which the fluid is being turned. 
5.4.4 Loadcase Four 
Again both the stresses and deformation modes were very similar to loadcase three, with 
small perturbations where the concentrated vector force was applied to the model to 
simulate the pressure loading. 
The maximum stress of 149 MPa was again found at the junction of the ducts and 
arms of the reverse duct. 
5.5 Limitations of the shell finite element model 
5.5.1 Geometric Limitations of the Model 
The shell element model of the reverse duct is as accurate as can be derived from the 
CWFH Drawings, [62J, however because of the nature of a shell f'lement model, several 
approximations arise. The main approximation is that the complex solid geometry of the 
reverse duct is being modelled using surfaces, which are positioned at the mid-plane of 
the the solid geometry. This gives rise to problems in this model where the arms of the 
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reverse duct connect to the actual ducts or deflectors - this can be seen in the figures in 
Appendix D. 
5.5.2 Solution Accuracy 
A fact which must be stressed when the results of this analysis is that the finite element 
method is not an exact method, but a numerical approximation of the solution. 
Accuracy can be gauged by considering areas in which stresses and/or displacements 
are known, and comparing the actual results with those given in the finite element method. 
Another method of gauging accuracy is to test the elements/finite element package with 
a series of test cases, and through this build some confidence in the results of an analysis. 
A possible measure of the accuracy of this analysis can be gauged from a calculation 
of the stresses across the arms of the reverse duct. In the CWFH Reverse Duct Standard, 
[63], the arms are designed for a maximum tensile stress of 15 MPa. In loadcase one of 
this analysis, the average stress across the arm was 16 MPa. 
5.6 Conclusions 
The 273 reverse duct has adequate strength, as evidenced by it's success in service, how-
ever, several points of interest were raised by this analysis. 
The loadcases as tested rarely occur in service. 
The pivot 'blocks' and the arms of the reverse duct are, as a whole, under moderate 
stress - under 30 MPa for both the loadcases tested. The ducts themselves are, for the 
worst loadcase, stressed up to a level of about 50 MPa. 
LM-6M aluminium alloy has a yield stress of about 70 MPa, therefore these stresses 
are about as high as can safely be designed for. 
It appears that the region where the arms of the reverse duct connect to the actual 
ducts is under quite high stresses when loaded as highly as in both the symmetric and 
asymmetric loadcases. If any re-design is being contemplated, then this area should be 
carefully changed. A thickness increase in the duct close to the arm may be required to 
lower the stresses in this area, or fillets may be required to further reinforce this connection 
to the ducts. 
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Chapter 6 
Additional Analysis of the 
Reverse Duct 
6.1 Introduction 
As a result of the analysis covered in the previous chapter, C.W.F. Hamilton Ltd. re-
quested that some modifications be made to the model of the reverse duct, to try and 
reduce the magnitude of the stresses obtained. The modifications proposed were to dou-
ble the thickness of the reverse duct around the junction of the arms of the reverse duct 
and the front curved surface of the duct. 
This chapter briefly comments upon the effect of changing the duct thickness in the 
high stress regions of the duct, and the effect that this change in thickness had upon the 
stresses in the duct under the two main (pressure) loadcases for the 273 reverse duct. 
6.2 Steps in the Analysis 
Only two loadcases have been used in this analysis, in an effort to reduce computing time, 
and unnecessary data/results. 
The elements adjacent to the intersection of the reverse duct arms and the reverse ducts 
have been thickened by a factor of two, by modjfication of the elements, and individual 
element properties in the Intergraph finite element package, I/FEM. The model was then 
re-run through the processor and the results analysed. 
The modified finite element model can be seen in figure 6.1, the area of modification 
visible at the junction of the reverse duct and the reverse duct arms. 
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Figure 6.1: Modified Shell element model of the 273 Reverse Duct. 
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6.3 Results. 
The results discussion in this section is best understood when considered in conjunction 
with figure 6.1 and the plates in Appendix E. 
Increasing the thickness of the elements adjacent to the intersection of the reverse duct 
arms and the ducts had the effect of decreasing the stresses obtained in the analysis, 36 
% being the average reduction in the Hencky-Von-Mises stresses for the two loadcases. 
6.3.1 Loadcase One: FUll reverse, no steering 
Stresses 
The maximum Hencky-Von-Mises stresses in general decreased by 36 % when the highest 
stress area, ( where the shell element geometric representation is erroneous), was locally 
reinforced, or doubled in thickness. 
For example the maximum HVMTOP stress, which is found at the junction of the 
reverse duct arms and the duct, decreased from 152 to 75 MPa, the maximum HVMMID 
stress, which is found in the middle of the front curved edges, decreased from 44 to 40 MPa 
and the maximum HVMBOT stress, found in the same area as the maximum HVMTOP 
stress decreased from 111 to 56 MPa. 
Displacements 
The displaced shape remained similar to that which was obtained for the un-reinforced 
duct. 
6.3.2 Loadcase Two: FUll reverse, full steering 
Stresses 
The stresses obtained in the analysis of the duct with local reinforcing were in general 
substantially less than those obtained for the un-reinforced duct, the average reduction in 
Hencky-Von-Mises stress being 37 %. 
For example, the maximum HVMTOP stress, which is found at the lower point of 
the reverse duct arm where it connects to the duct decreased from 127 to 97 MPa, the 
maximum HVMMID stress, which is found on the outer front curved edge of the duct 
decreased from 63 to 60 MPa and the HVMBOT stress, which is found on the front 
upper-curved surface of the duct decreased from 168 to 78 MPa. 
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Displacements 
The displaced shape was much the same as that mentioned in the previous chapter, with 
the reverse duct being twisted in reaction to the fluid. This is due to the contribution 
of the vertical force on the upper flat surface of the duct. The duct is therefore pushed 
away from the centerline of the duct, in the direction of the jet, and is twisted about the 
centerline by the vertical force imparted to the duct by the jet. 
6.4 Conclusions 
6.4.1 Effect of locally reinforcing the reverse duct 
Doubling the thickness of the duct in the region adjacent to the junction of the reverse 
duct arms and the duct was most beneficial in decreasing the maximum stresses, a general 
reduction of 36 % being typical. 
The displaced shapes remained very similar to those obtained for the un-reinforced 
reverse duct. 
Chapter 7 
Summary 
7.1 I/FEM Quadrilateral Shell Elements. 
The accuracy of the Intergraph I/PEM quadrilateral shell element library is disappointing, 
in view of the excellence of the user interface and the geometric modelling capabilities. 
An upgraded version of the finite element package has been released, however the shell 
element library has not been improved at all - the supplied element verification examples 
giving the same results. 
While the accuracy of the shell elements is not of the highest order, on the basis of the 
element verification exercise detailed in Chapter Three it can be assumed that the results 
of a general analysis will provide results of 'engineering accuracy'. 
7.2 The Finite Element Analysis. 
The shell element analysis of the Model 273 Reverse Duct was a most interesting project, 
and has produced results which seem acceptable to both the analyst, and the company 
involved, C.W.P. Hamilton Ltd. 
The Model 273 Reverse Duct, when used for a 'crash-stop' from 25 knots, is stressed 
to the limits of the design, and the materiaL However, as this extreme loading occurs only 
rarely in service, the reverse duct is generally operating with a reasonable degree of safety, 
as evidenced by the successful service record thus far. 
The re-analysis of the reverse duct, with the thickness increased in the highest stress 
areas succeeded in decreasing these stresses by up to 50 % for individual cases, an average 
reduction in the Hencky-Von-Mises stress being 36 %. 
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If any re-design ofthe duct is being contemplated, areas of interest, (or highest stress), 
are around the junction of the reverse duct arms and the actual ducts. The other main 
region of high stress was on the upper curved surface of the ducting, (not the splashguard). 
7.3 Further Research Directions. 
Further avenues of research that could be continued on from this project can be divided 
into two main areas. 
1. Improving the accuracy of the finite element analysis, and 
2. Verifying the results obtained by the analysis. 
7.3.1 Improving the Accuracy of the Finite Element Model. 
Probably the Rimplest method to improve the accuracy of the finite element analysis 
would be to re-analyse the shell element model using another finite element processor or 
solver, such as ANSYS, or MSC/NASTRAN. This can be simply done if these "third-
party" solvers are loaded onto the Intergraph workstation in conjunction with the I/FEM 
program, or a "neutral" file in the PATRAN format can be exported from I/FEM, and 
imported into these programR to be analysed. These procesRors have more Rophisticated 
shell elements available, and will give more accurate results than the Intergraph I/FEM 
procesRor. 
More accurate representation of the reverse duct geometry is another area in which 
improvements in accuracy can be made. A solid model of the reverse duct, in which the 
geometry should be exact, could be analysed or else 'substructul'ing' could be utilised. 
Two options are available for substructuring, a small part of the model can be refined 
uRing shell elements (higher order elements if required), have appropriate boundary con-
ditions, displacements and rotations applied to simulate the rest of the model, and be 
re-analysed, or else solid elements could be used, if again the appropriate boundary con-
ditions, displacements and rotations are calculated and applied. 
Other measures that could be taken in an effort to model the reverse duct more ac-
curately involve modelling, or measuring the pressure distribution and fluid flow over the 
inner surface of the reverse duct, and using the resultR from the analysis in the application 
of the pressures in the finite element analysis. 
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7.3.2 Verifying the Finite Element Analysis Results. 
The easiest method of verifying the accuracy of the finite element analysis, would be to 
strain-gauge the reverse duct under the given test conditions. C.W.F. Hamilton Ltd. 
would have liked to have seen some strain-gauging results, but as funding was not forth-
coming, no further research was able to be undertaken. 
A simpler method of verification, apart from actual strain-gauge testing of the reverse 
duct on the test boat, would be to apply a specified load to the reverse duct in a test rig, 
and then to model this load on the shell element model of the reverse duct. The advantage 
of this method, apart from the conveience aspects, are that the strain gauges will be tested 
in a more controlled environment, possibly giving more reliable results. 
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Table A.I: Results - Simply supported rectangular plate: uniform load. 
(a) Aspect Ratio = 1.0 
N umber of node spaces Normalised lateral deflection at center 
per edge of model 
QUD QD8 
1 0.856 
2 0.984 0.894 
3 0.996 
4 0.998 0.880 
5 0.999 
6 1.000 0.888 
7 
8 1.000 0.924 
9 
10 1.000 0.965 
11 
12 0.993 0.986 
13 
14 0.995 0.994 
(b) Aspect Ratio = 5.0 
N umber of node spaces Normallsed lateral deflection at center 
per edge of model 
QUD QD8 
1 1.070 
2 1.096 1.372 
3 1.048 
4 1.026 0.825 
5 1.015 
6 1.078 0.868 
7 1.007 
8 1.005 0.986 
9 1.004 
10 1.003 1.050 
11 
12 0.994 1.066 
13 
14 0.995 1.059 
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Table A.2: Results - Simply supported rectangular plate: concentrated load. 
(a) Aspect Ratio = 1.0 
N umber of node spaces Normalised lateral deflection at center 
per edge of model 
QUD QD8 
1 1.199 
2 1.077 0.998 
3 1.040 
4 1.025 0.845 
5 1.017 
6 1.013 0.795 
7 
8 1.008 0.842 
9 
10 1.006 0.918 
11 
12 1.004 0.959 
13 
14 1.003 0.976 
(b) Aspect Ratio = 5.0 
Number of node spaces Normalised lateral deflection at center 
per edge of model 
QUD QD8 
1 0.655 
2 0.676 1.013 
3 0.709 
4 0.761 0.843 
5 0.804 
6 0.838 0.820 
7 0.864 
8 0.884 0.792 
9 0.901 
10 0.914 0.749 
11 
12 0.934 0.718 
13 
14 0.947 0.718 
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Table A.3: Results - Olamped supported rectangular plate: uniform load. 
(a) Aspect Ratio = 1.0 
Number of node spaces Normalised lateral deflection at center 
per edge of model 
QUD QD8 
1 1.033 
2 1.109 1.240 
3 1.061 
4 1.038 0.307 
5 1.026 
6 1.020 0.164 
7 
8 1.013 0.236 
9 
10 1.010 0.484 
11 
12 1.012 0.735 
13 
14 0.998 0.878 
(b) Aspect Ratio = S.O 
Number of node spaces Normalised lateral deflection at center 
per edge of model 
QUD QD8 
1 1.465 
2 1.511 1.494 
3 1.127 
4 1.063 0.226 
5 1.045 
6 1.037 0.156 
7 1.032 
8 1.029 0.311 
9 1.027 
10 1.025 0.702 
11 
12 1.008 0.982 
13 
14 1.011 1.063 
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Table A.4: Results - Clamped support rectangular plate: concentrated load. 
(a) Aspect Ratio = 1.0 
Number of node spaces Normalised lateral deflection at center 
per edge of model 
QUD QD8 
1 0.930 
2 1.088 1.116 
3 1.059 
4 1.040 0.385 
5 1.029 
6 1.022 0.223 
7 
8 1.014 0.265 
9 
10 1.011 0.481 
11 
12 1.017 0.714 
13 
14 1.007 0.854 
(b) Aspect Ratio = 5.0 
Number of node spaces Normalised lateral deflection at center 
per edge of model 
QUD QD8 
1 0.415 
2 0.516 0.423 
3 0.624 
4 0.681 0.236 
5 0.729 
6 0.769 0.167 
7 0.801 
8 0.828 0.188 
9 0.850 
10 0.868 0.291 
11 
12 0.895 0.392 
13 
14 0.915 0.474 
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A.2 Results for Scordelis-Lo roof 
Table A.S: Results - Scordelis-Lo roof testcase. 
Number of node spaces Normalised vertical deflection 
per edge of model at midpoint of free edge 
QUD QD8 
2 1.391 1.094 
3 1.112 
4 1.052 1.023 
5 1.029 
6 1.017 0.998 
7 1.010 
8 1.005 0.974 
9 1.001 
10 0.997 0.969 
A.3. Results for spherical sllell 
A.3 Results for spherical shell 
Table A.6: Results - Hemisphere testcase. 
Number of node spaces Normalised radial deflection at load point 
per edge of model 
QUD QD8 
2 1.124 
3 1.007 
4 1.039 0.569 
6 1.028 0.811 
8 1.016 0.939 
10 1.007 0.968 
12 1.002 0.967 
14 0.999 0.978 
16 0.997 0.979 
18 0.996 0.979 
20 0.995 0.979 
123 
124 
Appendix B 
Force Calculation Spreadsheet 
Printout 
125 
126 Appenrux B. Force Calculation Spreadsheet Printout 
Table B.1: Spreadsheet printout - Loadcase One. 
JET UNIT AND FLUID DATA 
Jet Nozzle Diameter, d= 0.145 (m) 
Duct Efficiency Factor, 1/= 0.80 
Fluid Density, p= 1024.00 (kg/m3 ) 
Volumetric Flowrate, Q= 0.489 (m3 /s) 
DERIVED JET UNIT AND FL UID DATA 
Change(Duct Eff. Ftr)/step 0.20 
1 - (Change(D.E.F.) /step) 0.80 
Initial Fluid Velocity, VI = 29.61 (m/s) 
Outlet Velocity, V2 = 23.69 (m/s) 
Mass Flowrate/side m= 204.80 (kg/ s) 
FLUID ANGLE DATA 
Fluid Entry Angle, Yj = 0.00 C) 
Duct Sweep Angle, 0'= 135.00 n 
Duct Axis Angle, (3= 35.00 C) 
Vert. Angle of Entry, f= 0.00 C) 
Horiz. Angle of Entry, 'Y= 12.00 (0) 
tPl = 39.32 n 
Bl = 29.84 (0) 
tP2 = 27.32 (0) 
B2 = 26.54 n 
Vertical Discharge Angle, B= 26.54 n 
Horiz. Discharge Angle, !/J= 27.32 (0) 
Vertical Start Angle, B. t = 180.00 (0) 
True Vert. Discharge Angle, BT = 17.82 (0) 
Vertical Angle Increment, Bine = 17.82 (0) 
Horiz. Start Angle, r/J.t = 168.00 (0) 
Hofiz. Angle Increment, r/Jine = 140.68 (0) 
FORCE, VELOCITY AND ANGLE RESULTS 
Incremental Angle Changes Velocity 
Bml !/Jl Bm2 !/J2 VI V2 
CAA 180.0 168.00 162.2 27.30 29.61 23.69 
CWFH 180.0 168.00 153.5 27.30 29.61 23.69 
Port Half Forces Angles 
Fx Fy Fz Fr BT , B' !/J' 
CAA 12269 1050 1815 12447 8.4 9.5 -4.9 
CWFH 12129 2354 12355 11.0 
Starboard Half Forces Angles 
Fx Fy Fz Fr BT' B' r/J' 
CAA 12269 -1050 1815 12447 8.4 -9.5 -4.9 
CWFH 12129 -2354 12355 -11.0 
Total Forces Angles 
Fx Fy Fz Fr BT , B' !/J' 
CAA 24538 0 3630 24894 8.4 9.5 0 
CWFH 24257 0 24710 0 
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Table B.2: Spreadsheet printout - Loadcase Three 
JET UNIT AND FLUID DATA 
Jet Nozzle Diameter, d= 0.145 (m) 
Duct Efficiency Factor, 7]= 0.80 
Fluid Density, p= 1024.00 (kg/m 3 ) 
Volumetric Flowl'ate, Q= 0.489 (m 3 /s) 
DERIVED JET UNIT AND FLUID DATA 
Change(Duct Eff. Ftr)/step 0.20 
1 - (Change(D.E.F.) /step) 0.80 
Tnitial Fluid Velocity, VI = 29.61 (m/t;) 
Outlet Velocity, V2 = 23.69 (m/!l) 
Mass Flowrate/side In= 204.80 (kg/!l ) 
FLUID ANGLE DATA 
Fluid Elltry Angle, Yf = 30.00 n 
Duct Sweep Allgle, a= 135.00 (0) 
Duct Axis Angle, f3= 35.00 (0) 
Vert. Angle of Entry, f.= 0.00 (0) 
Horiz. Angle of Entry, r= 12.00 (0) 
cPl = 39.32 (0) 
fh = 29.84 (0) 
cP2 = 27.32 (0) 
fh = 26.54 (0) 
Vertical Discharge Angle, ()= 26.54 (0) 
Horiz. Discharge Angle, cP= 27.32 (0) 
Vertical Start Angle, ().t = 180.00 (0) 
True Vert. Discharge Angle, ()T = 17.82 (0) 
Vertical Angle Tncrement, (),nc = 17.82 (0) 
Horiz. Start Angle, cPst = 138.00 (0) 
Horiz. Angle Increment, cPinc = 110.68 n 
FORCE, VELOCITY AND ANGLE RESULTS 
Incremental Angle Changes Velocity 
()m1 cP1 ()m2 cP2 VI V2 
CAA 180.0 168.00 162.2 27.30 29.61 23.69 
CWFH 180.0 168.00 153.5 27.30 29.61 23.69 
Port Half Forces Angles 
Fx Fy Fz FI ()T' ()' cP' 
CAA 21053 -4738 3630 21883 9.8 11.0 -12.7 
CWFH 24257 4709 24710 11.0 
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Appendix C 
LM-6M Aluminium rop rties 
The following are the aluminium properties assumed for this analysis of the 273 reverse 
duct. 
Property Value Unit 
Ultimate Stress, Rm 170 MPa 
Thermal Coeff. of Linear Expansion 20 * 106 1(-1 
Density @ 20°C 2.6898 g/cm3 
Modulus of Elasticity @ 20°·C 71 GPa 
Modulus of Torsion @ 20°C 25.5 GPa 
Poissons Ratio 0.34 
Specific Gravity 2.65 
Fatigue Strength 51 MPa 
Note: Fatigue Strength is for sand cast LM-6M alloy, under 1'Otating cantilever beam 
test, 500 * 106 cycles. 
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Appendix D 
Plates from Initial Analysis of the 
Reverse Duct 
The plates shown in this section are from the initial analysis of the reverse duct, as 
described in Chapter Five. 
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132 Appendix D. Pla,f;es from initial Alla/ysis of the Reverse Duct 
Appendix D. Plates from Initial Analysis of the Reverse Du ct 133 
Figure D.l: 273 Reverse Duct; Isometric view-Loadcase One: HYMTOP stresses 
Fig ure 0 .2: 273 Re verse Duct; Isome tric view-Loadcase One: HVMMID stresses 
J34 Appendix D. Plates hom Init;ial Analysis of the Reverse Duct 
Appendix D. Plaies from [nitial Analysis of the Reverse Du ct 1:3.'1 
Figure 0.3: 273 Reverse Duct; Isometric view--Loadcase On e: HVMBOT stresses 
Figure D.4: 273 Reverse Duct; Isometric view-Loadcase Three: HVMTOP stresses 
136 Appendix D. Pla.tes ii'om Initial Analysis of the Reverse Duct 
Appendix D, Plates [rom Initial Analysis o[ the Reverse Du ct 
Figure 0,5: 273 Reverse Duct; Isometric vicw- Loadcase Three: IIVMMID stresses 
Fig ure 0,6: 273 Reverse Duct ; Isometric view-Load case Three: HV MBOT stresses 
138 Appendix D. Pla.tes fro111 Initia.l Ana.lysis of the Reverse Duct 
Appendix D. Plai:es from Initial Analysis of the Reverse Duct 
Figure 0 .7: 273 Reverse Duct ; Alternate Isometric view - Loadcase Three : HVlvlTO P s tresses 
Figure 0.8 : 273 Rev erse Duct; Alternate Isometric view- Loadcase Three: HV MM fO stresses 
140 Appendix D. Pla,tes from Initial Analysis of tile Reverse Duct; 
Appendix D. Plrlfes from Initial An alysis of the Reverse Du ct l1 1 
Figure D .9 273 Reverse Duct; Alternate Isometric view- Loadcase Three: HVMB OT s tresses 
F igure 0.10 : 273 Reverse Duc t ; Rear View-Load case Three: HVMTOP s trc:sscs 
142 Appendix D. Plates ii'om Initial Analysis of the Reverse Duct 
Appendix D. Plates [rom Initial Analysis of the Reverse Duct 1-1:3 
Figure 0.11: 273 Reverse Duct; Rear View-Loadcase Three: HVMM!D stresses 
Figure 0 .12: 273 Reverse Duct ; Rear View-Loadcase Three: HV ~II30T stresses 
144 Appendix D. Plates ii'om Initial Analysis of the Reverse Duct 
Appendix O. Pla tes from Initial A nalysis o f th e Rev rse Duct 
F igll re 0 .13: 27:1 R.everse Duct ; C u taway rear view- Loadcase Three: HVMTO P s tresses 
Figure 0.14 : 273 Reve rse Duct ; Cutaway rea r view- Lo ackase Three: !I V {MID ~ trcsscs 
146 Appendix D. Pla.tes from 111it;ial Ana.lysis of the Reverse Duct 
Appendix D. Plates from [nitial An alysis of the Reverse Dur( 1·17 
Fif\u re D. [5: 273 Reverse Duct; ell taway rear view- Loadcase Three: IIV ME OT st resses 
Figure 0.16 : Displaced shape of the 273 reverse duct-Loadca..<;e Three 
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Appendix E 
Plates from Analysis of the 
Modified Reverse Duct 
The plates shown in this section are from the second analysis run of the reverse duct, that 
is the analysis of the reverse duct In which the thickness of the duct adjacent to the pivot 
arms had been doubled. 
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150 Appendix E. Pla.tes ii'om Ana.lysis of the Modified Reverse Duct 
Appendix E. Plates [wm Analysis o[ the Modified Reverse Du ct [.j [ 
Figure E.1: 273 Reverse Duct; Isomet.ric view- Loadcase One: HVMTOP stresses 
Figure E.2 : 273 Reverse Duct; Isometric view- Loadcase One: HVMM ID stres· ·s 
152 App~'JlC/Lx E. Plates hom Analysis of the Modified Reverse Duct 
Appendix E. Plates [rom Analysis o[ t.hc /lfodified Reverse Duct 
Figure E.3: 273 Reverse Duct; Isometric view- Loaclcase On e: HVMBOT stresses 
Figure E.4: 273 Reverse Duct; Isometric vicw- Loadca.sc Til rc : H V MT O P st resses 
154 Appendix E. Pla,tes from Ana,lysis of the Modified Reverse Duct 
Appendix E. Plates from Analysis of the Aiodified Reverse Duct 155 
Figure E.5: 273 Reverse Duct; Isometric view-Loadcase Three: HVMlv!ID s tresses 
Figure E.6: 273 Reverse Duct; Isometric view-Loadca.';e Three: HVMBOT stresses 
156 Appendix E. Plates hom Al1alysis of the Modified Reverse Duct 
Appendix E. Plates from Analysis of the Modified Reverse Duct [ :j ,. 
Figure E.7: 273 Reverse Duct ; Alternat.e Isometric view-Loadcase Three: HVMTOr stresses 
Figure E.8: 273 Reve rse Duc t; Altern a.te Isometric view- Loa.dca..<;e Three: HVMMID stresses 
158 AppeJl(lix E. Plates from Ana.lysis of the Afodified Reverse Duct 
Appendix E. Plates from Analysis of the Modifi ed Reverse Duct 
Figure E.9: 273 Reverse Duct; Alternate Isometric view-Loaclcase Three: HVMBOT stresses 
Figure £.10: 273 Reverse Duct; Rea.r View-Loa.dcase Three: HVMTOP stresses 
160 Appendix E. Plates from Analysis of tIw Modified Reverse Duct 
Appendix E. Plats from Ana.lysis of the Modified Reverse Duct I (i! 
Figure E.11: 273 Reverse Duct; Rear Vie w-Loadcase Three: HVMMID stresses 
Figure E.12: 2i3 Reverse Duct; Rear View - Load ca.se Three : HVMBOT stresses 
162 Appendix E. Plfl.t;es from Analysis of the Modified Reverse Duct 
>1ppcndix E. Pla.tes from Ana.lysis of the Modified Reverse Duct 
Figure E .13: 273 Reverse Duct; Cu t.a.way rear view-Load ca.se Th ree : H V MT O P s t ress s 
Fi tI re 8 .14: 273 Reverse Duct; Cll taway rear view- Loadca.se Three: 1:1 V MM!D stresses 
164 Appendix Plates fi'Olll Awdysis of the Modified Reverse Duct 
Appr'ndix F. P/atr's [rom .t\.ll a iysis of the Alodified Re\'erse Duct 
Figure 8.15: 273 Reverse Duc t; C utaway rea r view - Loadcase Three : rrVMBOT s tre se. 
Figllre E.J6: Displaced shape of th e 273 reverse duc t- Loadcase T hree 
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Apperldix F 
273 Reverse Duct Neutral Files. 
The attached computer diskettes contains the ascii 'neutra1' files for the two analyses of the 
C.Vl.F. Hamilton Ltd. 273 Reverse Duct. The files are stored in a 'Neutral' or PATRAN 
file forma.t, and can be translated to an Intergraph I/FEM (version 1.04.01.18)1 model for 
analysis using the "Tra.nsJa.te Neutra.l File to Model" command. 
lIt appears that this model will not. run on [/FEM version 2.0, due t.o some unspecified 'problem'. 
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